ITEP-TH-40/05 
math/0610398 



Weight functions and Drinfeld currents 



B. Enriquez , S. Khoroshkin , S. Pakuliak** d 

* IRMA (CNRS), 7 rue Rene Descartes, F-67084 Strasbourg, France 
* Institute of Theoretical & Experimental Physics, 117259 Moscow, Russia 
Laboratory of Theoretical Physics, JINR, 141980 Dubna, Moscow reg., Russia 



Revised February 2, 2008 
Abstract 

A universal weight function for a quantum afhne algebra is a family of func- 
tions with values in a quotient of its Borel subalgebra, satisfying certain coalge- 
braic properties. In representations of the quantum afhne algebra it gives off-shell 
Bethe vectors and is used in the construction of solutions of the qKZ equations. 
We construct a universal weight function for each untwisted quantum afhne al- 
gebra, using projections onto the intersection of Borel subalgebras of different 
types, and study its functional properties. 



1 Introduction 

The first step of the nested Bethe ansatz method ( |KRj ) consists in the construction of 
certain rational functions with values in a representation of a quantum affine algebra or 
its rational or elliptic analogue. In the case of the quantum affine algebra U q (gl 2 ) these 
rational functions, known as the off-shell Bethe vectors, have the form B(z\) ■ ■ ■ B(z n )v, 
where B(u) = T 12 (u) is an element of the monodromy matrix (this is a generating series 
for elements in the algebra) and v is a highest weight vector of a finite dimensional 
representation of U q (gl 2 ). For the quantum affine algebra U q (gl N ), the off-shell Bethe 
vectors are constructed in |KR| by an inductive procedure (the induction is over N). 
These Bethe vectors were then used (under the name 'weight functions') in the con- 
struction of solutions of the g-difference Knizhnik-Zamolodchikov equation ( |TV1[ 15]). 
Inductive procedures for the construction of Bethe vectors were also used in rational 
models (where the underlying symmetry algebra is a Yangian) in |BFj and |ABFR| . for 
g = sIn] in these cases the Bethe vectors were expressed explicitly in the quasi-classical 
limit or using the Drinfeld twist (see Section r3.5|) . Bethe vectors for rational models 
with g = o(n) and sp(2k) were studied in jRj; the twisted affine case A 2 was treated 
in m. 
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Despite their complicated inductive definition, the weight functions enjoy nice prop- 
erties, which do not depend on induction steps. These are coalgebraic properties, which 
relate the weight function in a tensor product of representations with weight functions 
in the tensor components ( jTVlj ). 

The goal of this paper is to give a direct construction of weight functions, indepen- 
dent of inductive procedures. For this purpose we introduce the notion of a universal 
weight function. This is a family of formal Laurent series with values in a quotient 
of the Borel subalgebra of the quantum affine algebra, satisfying certain coalgebraic 
properties. The action of the universal weight function on a highest weight vector de- 
fines a weight function with values in a representation of the quantum affine algebra, 
which enjoys coalgebraic properties as in jTVl]. 

It is well-known that quantum affine algebras, as well as affine Kac-Moody Lie alge- 
bras, admit two different realizations (iD2j). In the first realization, the quantum affine 
algebra is generated by Chevalley generators, satisfying g-analogues of the defining re- 
lations for Kac-Moody Lie algebras ( |Dlj ). In the second realization ([D2j), generators 
are the components of the Drinfeld currents, and the relations are deformations of 
the loop algebra presentation of the affine Lie algebra. The quantum affine algebra is 
equipped with two coproducts ('standard' and 'Drinfeld'), each of which expresses sim- 
ply in the corresponding realization. Both realizations are related to weight functions: 
on the one hand, the weight function satisfies coalgebraic properties with respect to 
the standard coproduct structure; on the other hand, the notion of a highest weight 
vector is understood in the sense of the 'Drinfeld currents' presentation. 

Our construction of a universal weight function is based on the use of deep rela- 
tions between the two realizations. This connection was done in several steps. The 
isomorphism between the algebra structures of both sides was proved in |D2j and |DFj . 
The coalgebra structures were then related in |KT2[ IKT3[ IBet ID at IDKPlj ; there it 
was proved that the 'standard' and 'Drinfeld' coproducts are related by a twist, which 
occurs as a factor in the decomposition of the i?-matrix for the 'standard' coproduct. 
A further description of this twist (in the spirit of the Riemann problem in complex 
analysis) was suggested in |ER| and developed in |EF| IE2|. IDKPj . Each realization 
determines a decomposition of the algebra as the product of two opposite Borel subal- 
gebras (so there are 4 Borel subalgebras) . In its turn, each Borel subalgebra decomposes 
as the product of its intersections with the two Borel subalgebras of the other type, and 
determines two projection operators which map it to these intersections. The twist is 
then equal to the image of the tensor of the bialgebra pairing between opposite Borel 
subalgebras by the tensor product of opposite projections. 

In this paper, we give a new proof of these results. For this, we prove a general 
result on twists of the double of a finite dimensional Hopf algebra A, arising from the 
decomposition of A as a product of coideals (Subection 2.1); this result has a graded 
analogue (Subsection 2.2), which can be applied e.g. to quantum Kac-Moody algebras 
with their standard coproduct. More importantly, this result has a topological version 
(Subsection 2.3). In Section 3, we show how this topological version implies that the 
Drinfeld and standard coproducts are related by the announced twist. 

The main result of this paper is Theorem El It says that the collection of images 
of products of Drinfeld currents by the projection defines a universal weight function. 
This allows to compute the weight function explicitly when g = or s[3 (see |KPlj ). or 
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when q = 1 (see identity (|4.10jl ). using techniques of complex analysis and conformal 
algebras QDKJ). We give a conjecture on the general form of the universal weight 
function. We describe functional properties of the weight functions at the formal level, 
using techniques of ( |Elj ). We also prove more precise rationality results in two cases: 
(a) in the case of finite dimensional modules, as a consequence of the conjecture on 
the form of the universal weight function; (b) in the case of lowest weight modules, the 
rationality follows (unconditionally) from a grading argument. 

The paper is organized as follows. In Section 2, we prove results on twists of dou- 
bles of Hopf algebras. In Section 3, we recall the definition of the untwisted quantum 
affine algebra U (g), of its coproducts, the construction of the Cartan-Weyl basis and 
its relation with the currents realization of U (g), following |KT2j : we also reprove the 
twist relation between the two (Drinfeld and standard) coproducts, using Section 2. 
In particular, we introduce Borel subalgebras of different types and the related pro- 
jection operators. Their definition, relies on a generalization of the convexity property 
of the Cartan-Weyl generators to 'circular' Cartan-Weyl generators, see |KTlj : their 
properties are proved in the Appendix, their In Section 4, we define and construct 
universal weight functions, and prove the main theorem. As a corollary, we derive 
analytical properties of our weight functions. In Section 5 we identify them, in the 
case of U q (sl 2 ), with the expressions familiar in the algebraic Bethe ansatz theory. 

2 Twists of doubles of Hopf algebras 
2.1 The finite dimensional case 

Let A be a finite dimensional Hopf algebra. Assume that A\,A 2 are subalgebras of A 
such that: 1 (a) the map m A '■ Ai®A 2 —* A is a vector space isomorphism, (b) A\ (resp., 
A 2 ) is a left (resp., right) coideal of A, i.e., A A {Ax) ci®4 A A (A 2 ) C A 2 ® A. 

Let Pi : A — > Ai be the linear maps such that Pi{a\a 2 ) = aie A (a 2 ), P 2 {a,\a 2 ) = 
e A (ai)a 2 for a* G A*. Then we have m A o [P x g) P 2 ) o A^ = id^. 

Let D be the double of A and let R G D® 2 be its P-matrix. Set Ri := (P; ® id) (R) . 
The above identity, together with (A^ <g> id)(P) = P 1,3 P 2,3 , implies that R = R\R 2 . 

Let us set 2 B := A* cop , B x : = (AfA 2 ) x C B, B 2 := {A-lA^) 1 C B. 

Theorem 1. (see JER[\EF\\DKP] ) 

1) Bi,B 2 are subalgebras of B; the subalgebra B 1 (resp., B 2 ) is a left (resp., right) 
coideal of B, i.e., A B (B 1 ) C B ® B 1} A B (B 2 ) C B 2 ®B, and m B : B 2 ® B x —> B 
is a vector space isomorphism. 

2) Define P( : B B t by P^(Mi) = he^h), P[{b 2 b x ) = e B {h)bi- Then R { = 
(id A ®P^_,)(P) ; for i = l,2. In fact, ^ = (P< ® P^_J(P) G M ® B 3 _ { . 

3) R 2 is a cocyclefor D, i.e., R^' 2 (A D ® id D )(R 2 ) = R 2 3 (id D ®A D )(R 2 ). It follows 
that D, equipped with the coproduct R2 Ad(x) := R 2 A B >(x)R2 1 , is a quasitriangu- 
lar Hopf algebra (which we denote by R2 D) with R-matrix R^Ri. 

1 If X is a Hopf algebra, we denote by mj, Ax, Sx, £x, ljf its operations. 

2 For X a Hopf algebra, X cop means X with opposite coproduct; if Y C X, then Y 6 := YnKcr(ex)- 
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4) mu(Ai ® Bi) = mr>{Bi ® Aj) for i = 1,2, so Di := mrj{Ai © C -D are 
subalgebras of D. 

5) Ai, Bi have the following coideal properties: i?2 A I) (A 1 ) C A 1 ® D 1; R2 /S. D (Bi) C 
A ® Bi, Ra A D (A 2 ) cA 2 ® D 2; K2 A D (B 2 ) c D 2 © B 2 . 

6) Di are Hopf subalgebras of R2 D. The quasitriangular Hopf algebra R2 D is isomor- 
phic to the double of (D\, (^A^mJ, whose dual algebra with opposite coproduct 
is(D 2 ,( R *A D ) {D2 ). 

Proof. 1) For X, Y C A, set XF := m A (X ® Y"). 

We have (id©^) ° A^ = icU, which implies that A^(Af) C A © A^ + A\ © 
Then A^(Af A 2 ) c A A (A^)A A (A 2 ) c (A® A\ + A\® l A ){A 2 © A) c A © A\A + 
A\A 2 ® A. 

Now A = AiA 2) and AfA x = Af, so Af A = Af A 2 , which implies that Af A 2 is a 
two-sided coideal of A. This implies that B\ is a subalgebra of -B. In the same way, 
B 2 is a subalgebra of B. 

A\A 2 is a right ideal of A, which implies that B\ is a left coideal of -B. In the same 
way, B 2 is a right coideal of B. 

We now show that tub '■ B 2 © Si — > I? is a vector space isomorphism. We have 
vector space isomorphisms Bi ~ Ag_j, for i = 1,2, induced by A = Ai © AiAf and 

A = A 2 © A\A 2 . So we will prove that the transposed map A — ? Ai © A 2 is an 
isomorphism. 

Let 6j G A* ~ B 3 _i. When viewed as elements of B = A*, bi satisfy 3 (6 1 ,a 1 a 2 ) = 
(bi,ai)e(a 2 ), {b 2 ,a x a 2 ) = e(a 1 )(& 2 , a 2 ). Then (6 1 6 2 , «ia 2 ) = (&i ©& 2 , a^a^ ©af ^a^) = 
)e(a 2 )e(ai )(& 2 , a 2 ) = (bi,ai)(b 2 ,a 2 ). So the composed map Ai ©A 2 ^ A — ? 

Ai©A 2 is the identity, which implies that A — ? Ai©A 2 , and therefore m# : B 2 ®B\ — > 
B, is an isomorphism. 

2) Let !?■ G ® -B3_j be the canonical element arising from the isomorphism 
Bi ~ AJ. Let us show that R = R^R^, and R d = R^. 

We have R[R 2 E A® B. For a G A, let us compute (R[R' 2 , id ©a). We as- 
sume that a = a\a 2 , with G Aj. Then (R^R^, id ©a) = (i?i-R 2 , id ®aia 2 ) = 

((i^) 1 ' 2 ^) 1 ' 3 , id ©a^Wfaf) = (( J R / 1 ) 1 ' 2 ( J R 2 ) 1 ' 3 ,id©aS 1) £ A (4 1) )©e A (aS 2) )a2 2) ) = 
aia 2 = a. So -R'x-R^ G A © i? is the canonical element, so it is equal to R. 

Now Ri = (Pi®id.B)(R) = R'i, since we have (^©idfiX-Ri) = 1a- We also compute 
(id®P^_i)(R) = Rt and (P t ® PU)(R) = Ri- 

3) We first prove that for any a G A, b G B, we have 

(a«,&«)&(V 2 ) =a«6«(a( 2 ),6( 2 )) . (2.1) 

Recall the multiplication formula in the quantum double jDlj : 

b a = (S D (aW), (a {3) , 6 (3) > b {2) . (2.2) 
3 We denote by a <& 6 i— ► (a, 6) = (6, a) the pairing A <g) £? — > C. 
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Using this equality, we may write the right hand side of ()2.1|) as follows: 

(a^,b^)(S D (a^),b^)(a^\b^)a^b^ = (a^ ® Sn^), A B (b^)) (a^\b^)a^ 
= e(a^)e(b^)(a (3 \b^)a^ 6 (2) = (a (2 \b^)a^ 

which coincides with the left hand side of equality (|2.1j) . 

1 2 12 3 2 3 1 23 

We now prove the cocycle relation R 2 ' R 2 ' = R 2 ' -^2' (the coproduct is Ad). 
Both sides of this identity belong to A 2 <8> D <8> B\ . Using the pairing, we will identify 
them with linear maps B\ <g> A 2 — > D. Let us compute the pairing of both sides of this 
equality with b\ ® id ®a 2 for arbitrary 61 G B\ and a2 G A2. For the left hand side we 
have 

(R'/Rl 2 ' 3 , h <g> id®a 2 ) = (i? 2 (4 1} ® 4 2) ), 61 ® id) = ^(r^ <g> r 4 "4 2) , b x ® id) 
= £tf ® *?> ® ^Vf«? } = (4^ W4 2) • 

Here R2 = Yli r \ ® r 'l- O n the other hand, for the right hand side we obtain 

(R^Rl' 23 , bi <g> id ®a 2 ) = (^(^ ® &S 2) ), id ®a 2 ) = ^(r^ ® r^ 2) , id ®a 2 > 

i 

where we used the fact that R2 is the pairing tensor between the subalgebras A 2 and 
B\. The cocycle identity now follows from (|2.1j) . 

Here is another proof of 3). Recall that R is invertible, and R~ x = (Sp <S> ido)(i2). 
It follows that Ri and i? 2 are invertible. Let us show that R^ 1 G A\ <g> 5 2 . We first 
show that i?^ 1 G -D <8> -B 2 . For this, we let ai G A\, a| G A| and we compute: 

( J R 1 - 1 ,id®a 1 a^ = (R 2 R~\ id ®a ia £ 2 } = (R 1 / (R- 1 ) 1 ' 3 , id®(aia|) (1) ® (aia|) (2) ) 
= (i? 2 , id ®( ai a £ 2 ) (1) ) (i?- 1 , id ®(a ia £ 2 ) (2) ) 

= P 2 ((a 1 a £ 2 )«)5 A ((a 1 a £ 2 )( 2 )) = P 2 (4 1) )(a e 2 )( 1 )^((a e 2 )( 2 ))5 A (4 2) ) = 0, 

which proves that i?f 1 G D £g> -B 2 . In the same way, one proves that R± 1 G Ai ® D, so 
flf 1 £ A 1 ® B 2 , and then i?^ 1 G A 2 ® B\. 

Let us set $ := R 2 / R 1 / 3 (Rl' 2 R^ 2 ' 3 )' 1 (the coproduct is A D ). Then $ G A 2 ®£>®.Bi. 
Using the quasitriangular identities satisfied by R, we get $ = {R^ 23 R 2 { 3 )~ 1 R 12,3 R\ 2 , 
where the coproduct is now A 2 ^ (x) = RA D (x)R~ 1 . The last identity implies that 
$ G Ai <g> D ® 5 2 . Since AnA 2 = C1 A and S a n 5 2 = C1 B , we get $ G 1 D ® D ® 1 D . 
The pentagon identity satisfied by $ then implies that $ = iff. 

4) Recall that for a G A, b G B, we have 

afe = (6( 1 ),aW)(6®,5' A (a( 3 )))fo( 2 )a^, 6a = (&« ,S A (a«)>(o( 3 \ a®)a (2) 6 (2) - 

Let us set XY := m D (X ® F), for X,Y C D. We will show that BxAx C A1.B1. 
Let ax G Ai, 61 G B x . Then Mi = S A {af)) (bf \ a {3) )a i2) b {2) ; we have ® 3 i=1 a? G 
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A® 2 <g> Ai and ®f =1 bf G £® 2 ®5i, and since (6, a) = £b(6)£a(oO for a G Aj, 6 6 5i, we 
have Mi = (b?, 5 A (a5 1) ))af ) 6f ) ; now fe^O&f 5 G and a^W^ G A®Ai, which 

implies that b\a\ G A\B\, as wanted. (One proves in the same way that B\A\ C Ai-Bi.) 
It follows that Di := Ail?! is a subalgebra of -D. In the same way, one shows that 
D 2 '■= A 2 B 2 is a subalgebra of D. 

Note that as above, for a% G A 1 , b\ G £>i, we have 

= (6«,a«)(6f,^(aP))6^aP = (b?,a?)b?a?\ 

so that -Bi^i = A\Bi ~ Ai <8> £>i. In the same way, B 2 A 2 = A 2 B 2 — A 2 <g> £? 2 . 

5) We have fi2 Ad(Ai) = i? 2 A 1) (A 1 ) J R 2 : 1 C i? 2 (A ® A^i^ 1 ci®Di, since -ffij" 1 e 
A 2 ®Bi. On the other hand, • R2 A D (A 1 ) = i^A^A^i^ C ^(AifgjA)^ C A 1 ®D, 
since i?^ 1 G Ai <E> B 2 . Finally, R2 A D (Ai) C A\ ® D\. The other inclusions are proved 
similarly. 

6) . 4) and 5) imply that Di are Hopf subalgebras of D. 

2 1 

We have now R 2 ' Ri G D!®D 2 . It is a nondegenerate tensor, as it is inverse to the 
pairing D 1 <g> D 2 ~ ^Ai ® A 2j B 2 ~ (Ai <g> ® (A 2 <g> fi 2 ) -> C, given by the tensor 
product of the natural pairings A 1 <g> £> 2 — > C, A 2 <g> Si — > C. 

Let us prove that mo : -Di <8> Z? 2 — > -D is a vector space isomorphism. The map 
A x <g> Bi <g> A 2 <g> B 2 ~ Ai^i <g> A 2 B 2 = D 1 ® D 2 — > D ~ A <g> B is given by en <g> 61 <g> 
a 2 <S> b 2 1— > (b^\ a^) (b^\ a^)a\a^ ® b^b 2 . One checks that the inverse map is given 
by Ai ® A 2 ® -Bi Cg) -B9 — A <g> i? — > Z>i <g> .D 2 using the same formula, replacing Ao by 
* 2 A D . 

The statement is now a consequence of the following fact: let (H, Rh) be a quasitri- 
angular Hopf algebra, and ifj, z = 1, 2 be Hopf subalgebras, such that Rh G Hi®H 2 is 
nondegenerate and : H\ ® H 2 — > iJ is a vector space isomorphism, then if 2 = H*^° v 
and if is the double of ifi (indeed, since is nondegenerate, it sets up a vector space 
isomorphism H\ ~ if^, and since it satisfies the quasitriangularity equations, this is an 
isomorphism H\ ~ B^ ^ of Hopf algebras; we are then in the situation of the theorem 
of H3] on doubles). □ 



2.2 The graded case 

In the case when A is a Hopf algebra in the category of N-graded vector spaces with 
finite dimensional components, the results of the previous section can be generalized 
as follows. 

Let («ij)i<ij<r be a nondegenerate matrix, let A' be a N-graded braided Hopf 
algebra, with finite dimensional components and A'[0] ~ C, where the braiding is 
defined by {Q_ aii )x<i,j<r- Let A := A' ® C[Z r ] be the corresponding Hopf algebra. Let 
B' be the graded dual to A' and B be the corresponding Hopf algebra. We then have a 
nondegenerate Hopf pairing A £g> B — > C. Let D be the quotient of the bicrossproduct 
of A and B by the diagonal inclusion of C[Z r ]. 

To explain in what space R lies, we introduce the following notion. If V — (B n ezV[n] 
is a Z-graded vector space, set V® k := U. ni ,...,n k eZ V \ n A ® - ® V[n k ], let V ® >k c v ® k 
be the set of all combinations ^ v\ (g> ... ® v k , such that there exists a constant c\ and 
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functions c 2 (ni), c fc (ni, n fe _i), such that deg(-ui) > ci, deg(w 2 ) > c 2 (deg(ui)), 
deg(v fc ) > c fc (deg(fi), ...,deg(w fc _i)). 

Define i?i G A x £g>> _B 2 as the tensor of the pairing (— , — ) 1( R' 2 G A' 2 £g>> B[ as the 
tensor of (— , — ) 2 and i? as the tensor of (— , — } . Then R Q = q r °, where r is inverse to 
the matrix (ay), and the tensor of the (— , — ) 2 is i? 2 := -R 2 i?o (it belongs to a suitable 
extension of A 2 ®> -Bi). The .R-matrix of D is then = i?ii? 2 (also in a suitable 
extension of A ®> B. 

In Theorem 1, 1) is unchanged; 2) is unchanged, with the addition that Bi are 
now graded subalgebras of B; in 3), the cocycle identity holds in _D®> 3 and the next 
statement is that R ' 2 A D defines a topological bialgebra structure, i.e., we have an algebra 
morphism R2 Ae> : D — > D® >2 and coassociativity is an identity of maps D — > D® >3 ; 
4) is unchanged; 5) has to be understood in the topological sense; and 6) has to be 
replaced by the statement that Di are topological subbialgebras of R2 D. 
Example. One may take A = U q (b + ), where b + is the Borel subalgebra of a Kac- 
Moody Lie algebra, equipped with the principal grading. In some cases, the twisted 
bialgebra R ' 2 D is an ordinary Hopf algebra, i.e., R2 A : D — > D® 2 . 

2.3 The topological case 

If V = (B n ezV[n\ is a Z-graded vector space, let V® <k be the image of V® >k by 
vi® .. ® v k i-> v k <g> ... (g) v 1 . We define (V^ <fc )[n] as the part of V® <k of total de- 
gree n and (V® <k ) fs := ® n ez(V® <k )[n\ the 'finite support' part of V® <k . We de- 
fine {V® >k )fs similarly. Then if V is a Z-graded algebra, we have algebra inclusions 
y®k c (y®< fc ) /s c V®< k and V® k C (V® >k ) fs C V® >k . 
We will make the following assumptions. 

(HI) D is a Z-graded topological bialgebra. Here topological means that the coproduct 
is an algebra morphism Ap : D — > (D® <2 )f s of degree (then the coassociativity 
is an equality of maps D — > (D® <3 )f s ). 

(H2) D D A, B D C[Z r ], where A, B are Z-graded topological subbialgebras of D and 
C[Z r ] C -Do is equipped with its standard bialgebra structure. We assume that 
the product map yields an isomorphism of vector spaces A ®c[i r ] B — > D, and 
that we have a nondegenerate bialgebra pairing (— , — ) : A <g> _B cop — > C of degree 
0; this means that 

(oia 2 ,6) = (a x ®a 2 ,6 (2) (a, M 2 ) = (a (1) ® a {2) , 6i ® 6 2 ), (2.3) 

aj G Aj, &j G -Bj, and (a, Id) = £0(0), (^D,b) = £d(&); we further require that 
the identity (|2~Tj) 

holds. (One checks that all the sums involved in these identities are finite.) 

(H3) A D Ai,A 2 , where Ai are Z-graded subalgebras of A, such that the nontrivial 
components of A\ (resp., A 2 ) are in degrees > (resp., < 0), and the product 
map A\ (g> A 2 — > A is a linear isomorphism. 
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B D Bi,B 2 , where Bi are Z-graded subalgebras of B, such that the nontrivial 
components of Bi (resp., B 2 ) are in degrees > (resp., < 0) and the product 
map is an isomorphism B 2 <8> B\ — > Z?. 

(H4) Moreover, 

A D (Ai) C A®<Ai, A D (A 2 ) c A 2 ®<A, A D (Si) c B® K B X , A D (B 2 ) c B 2 ®<B. 

(2.4) 

If we define (— , — )j as the restriction of (— , — ) to A* ® £? 3 _j — > C (i = 1, 2), then 
this assumption is equivalent to the identity 

(0102,6261) = (01,62)1(02,61)2, (2.5) 

where a« G Aj, 6, G Bj (i = 1, 2). 

(H5) The degree zero components are A 2 [0] = B x [0] = C[Z r ], and Ai[0] = B 2 [0] = C. 
We also assume that A 2 , Bi contain graded subalgebras A' 2 , B[, such that the 
product induces linear isomorphims A' 2 £g> C[Z r ] ~ A 2 , B[ (g) C[Z r ] ~ (so 
A 2 [0] = -E>^[0] = C). We assume that the homogeneous components of Ai, A' 2 , 
B[, B 2 are finite dimensional. 

(H6) Let us denote by (-, -) the restriction of (-, -) to A 2 [0]®£i[0] ~ C[Z r ] m -> C; 
we assume that it has the form (Si,Sj)o = q aiJ , q G C x and the matrix ((%) is 
nondegenerate (here Si is the zth basis vector of II). Let us denote by (— , — ) 2 
the restriction of (— , — ) 2 to A 2 <g> 5^ — > C. We assume that 

(a 2 a , 6 / 1 6 ) 2 = (a 2 ,b' 1 )' 2 (a ,b ) 

where a' 2 G A' 2 , b[ G B' 2 , a G A 2 [0] and 60 G £>i[0]. We assume that the pairings 
(— , — )i and (— , — )' 2 are non-degenerate, in the sense that each pairing between 
each pair of finite-dimensional homogeneous components of opposite degrees is 
nondegenerate. 

Define R\ G A\ ®> B 2 as the tensor of the pairing (— , — )i, R 2 G A 2 g)< B[ as the 
tensor of (— , — )' 2 and Rq as the tensor of (— , — )o- Then Rq = q r °, where is inverse 
to the matrix (ay), and the tensor of the (— , —) 2 is R 2 := R' 2 Rq G A 2 £g)< B\. 

Actually, Ri, R 2 have degree 0, so we have R± G (Ai Cg>> B 2 )f s , R 2 G (A 2 ®< Bi)f s . 
Since R\ has the form 1 + J2i>o a i ® 6j, where deg(aj) = — deg(6j) = i, R\ is invertible 
in Ai ®> i? 2 . In the same way, R 2 is invertible. 

Lemma 2.1. i? 2 zs a cocycle for Ap, i.e., the identity 

Rl' 2 (A D ® id)(i? 2 ) = (id®A D )( J R 2 ) 
/ioWs m _D® <3 . In t/ie same way, R^ 1 is a cocycle for A^ . 

Proof. The proof for i? 2 is the same as the first proof of 3) in Theorem ^ In the 
case of R^ 1 , we similarly prove that (A^ 1 (g)id)(i?i)i?}' 2 = (id ^A^ 1 )^)^' 3 and take 
inverses. □ 
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We therefore obtain topological bialgebra structures A : D — > D® <2 and A : D — > 
P®> 2 , defined by 

A(z) := R 2 A D (x)R^, A(x) = R^Aoix) 2 ' 1 ^. 

We now prove: 

Theorem 2. A and A actually take their values in D® 2 , and are equal as maps D — > 

Let us first briefly summarize the proof. For x a A, A(x) E A ®< P while 
A{x) G A ®> P. We pair both elements with b <g> id, where fe G P. Then A(x), 
A (a;) define elements of two completions Hom±(P, D) of the same convolution algebra 
©(ij)ez 2 Hom(Pj, Pj). Using identities in these convolution algebras, and computing 
degrees carefully to prove that certain maps, a priori valued in D® >3 or P® <3 , take 
in fact their values in P® 3 , we prove identity (|2.9jl . which implies that the pairings of 
A (a;) and A(x) with b <g> id are the same. This implies A (a;) = A(s) G P® 2 ; the proof 
with x replaced by y G B is similar. 

Proof. We will consider the convolution algebra @u j)<^z 2 Hom(Pj, Pj), where the 
product is (/i * f-i)ip) '■= fi(b^)f 2 (b^). This is an associative algebra with identity 
element 1* : b > e(6) Izj. This algebra is bigraded by Z 2 . The convolution product can 
be extended as follows. Let D := Yl i&z Di, then Hom(P, D) = Yluj)ez 2 Hom(Pj, Dj). 
If / = llij /t,j e Hom(P, P), we define the support of / as supp(/) := {(i,j)\fi,j ^ 0}. 
Then if fi, f 2 G Hom(P,P) are such that the sum map supp(/i) x supp(/ 2 ) — ► 
supp(/i) + supp(/ 2 ) has finite fibers, then the convolution fi * f 2 G Hom(P,P) is 
defined, and has support contained in supp(/i)+supp(/ 2 ). One checks that the convolu- 
tion in Hom(P, P) is associative in the restricted sense that if S%xS 2 xS s — > Si + S 2 +S 3 
has finite fibers, where S { := supp(/i), then (f t * f 2 ) * / 3 = /i * (/2 * /a)- 

In particular, we define Hom + (P,P) (respectively, Hom_(P,P)) as the subset of 
Hom(P,P) of all the elements / such that supp(/) is contained is some part of Z 2 of 
the form S + N(l, 1) (resp., S + N(— 1, — l)), 4 where S is a finite subset of Z 2 . Then 
Hom±(P,P) are both algebras for the convolution. 

One checks that one has algebra injections (A ®< D) f s — > Hom + (P, P) and (A <g)> 
P)/ s — > Hom_(P,P) (denoted x i— > [x]), extending the map A <g> P — > Hom(P,P), 
a ® cf i— > (6 h- ► (b, a)d). The intersection of {A ®< P) j s and {A Cg>> P) j s in Hom(P, P) 
is A <g> P. 

It follows from (}23j) that the images of R 1 G {A <g>> P) /s and P 2 e (A ®< D) fs 
in Hom(P,P) respectively coincide with P 2 and Pi, where P 2 (b 2 bi) = b 2 e(bi) and 
P x {b 2 b x ) - e{b 2 )b x . 

Let / := [P^ 1 ] G Hom_(P, P) and 5 := \R 2 1 } G Hom+(P, P). Then f*P 2 and P 2 */ 
are defined, and f * P 2 = P 2 * f = ^-*- This means that for any b G P, f(b^ 2 ')P 2 (b^) = 
P 2 (6( 2 ))/(6W) = e(6). For 6 = 6 2 &i, this means that f{bfbf ) )b ( i ) P 2 (bf ) ) = e(6) 
and P 2 (^ 2) )/(4 1} ^i) = £(&)■ The fir st equality says in particular (setting 61 = 1) 
4 N(a,6) = {(0,0),(a,6),(2a,2&),...} 
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that /(6 2 )P 2 (4 ) = s(b 2 ); plugging this in the second equality, we get f(b 2 )e(bx) = 
f{b { 2 2) )e{b 2 l \) = /(#> )P 2 (bP)M\) = eib^fib^W) = f(b 2 h), so 

/(Mi) = /(&2M&O. 

In addition, we have 

/(4 2) )4 1) = p 2 (4 2) )/(4 1) ) = ^(& 2 ). 

These identities imply 

f(b {2) )b {l) =Pi(b). (2.6) 

In the same way, one shows that 

0(6261) = £(62)0(6!), 0(6f ) )Pi(6f ) ) = b^gib?) = 6(h), 

where all the a priori infinite sums reduce to finite sums. 
Then we compute 

<A(x),&® id) = (P x * [A{x)]*g)(b) = Pi(b®)[A D {x)](bW)g(bM) 

= P 1 (bfh?)(x^ 1 \b?¥?)x^g(b 2 1) b?) = P 1 {bf)bf\x {l \b^f ) )x^g{b ( t ) ) 

= P x (4 2) ) 4 3) (x® , 6 « ) (x<*) , &S 2) ) ) 

where the fourth equality uses 4 G Pi, 4^ G P 2 , and the last equality uses the 
bialgebra pairing rules ()2.3|) . which do not introduce infinite sums. 
We finally get 

(A(a0,&2&i®id) = Pi(4 2) )(a;W,4 1) ) ■ 6?V 2) , 6? ) )a; (3) 0(6i 1) ) ) 
and similarly 

(A(x),6 2 6 l( 8)id) = f(b^)(x^\b ( 2 ] )x^b^ ■ (x^\bf ) )P 2 (b i l 1) ). 
We now prove that 

PxC&^UV 30 = /(^VMV 1 ^- (2.7) 

We first show that both sides are finite sums. Let x and b 2 be of fixed degree (we 
denote by \x\ the degree of x G D). Then for some constant c, we have 16^1, |x« I < c, 
|&2 I = 1 62 1 — I&2 I > \ x ^ \ — \ x \ ~ \ x ^\, so the l.h.s. reduces to the sum of contributions 
with |&2 I) \ x ^\ £ {— c, ...,c — l,c} and is a finite sum. Let us show that the r.h.s. 
is a finite sum. For some constant d and function c"(n), we have |4 1} |, \x {1) \ 
|4 2) | < c"{\b { 2 } \), \x^\ = \x\ - and |4 3) | = |6 2 | - |6^| - \b { 2 2) \. The nontrivial 
contributions are for \x®\ + |4 2) | = and |4 3) | < (as supp(/) C N(-l, -1)). These 
conditions impose |&2^| + |6 2 2 ^| > 0, so |4 2 **| > — c', which leaves only finitely many 
possibilities for \b 2 |; then \b^\ > — 16 2 |, which leaves only finitely many possibilities 
for (| 4 1 |, 1 6 2 2 ^ |, |6 2 3 ' ) |). This also implies that only finitely many (\x^ |, |x^ 2 ^|) contribute. 

We have therefore proven that there are linear maps F, G : B 2 ®A — > D, F(x®b 2 ) := 
P 1 (4 2) )(xW,6 2 1) )x (2) and G{x® b 2 ) := f{b ( i ) ){x i - 2 \b { 2 ) )x^b { 2 ) . 
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Similarly, one proves that there exists a unique linear map f : B 2 ®A — > D, such that 
f(b 2 ®x) = P 1 {b [ 2 ) ){x,b { 2 ) ). Then the image of the composed map B 2 ® A — > £> 2 <8> 
^<g><2 f ^ c £)<g><2 ^ mc j g canonc i a i inclusion) is contained in .D® 2 , so its composition 
with m£> : -D® 2 — * -D is well-defined. Then F = mo o (f <g> inc) o (idegjAo), and ()2.7j) 
expresses as F = G. 

One checks that there are maps u, v : A <g> P — > D, such that u(a ® 6) := 
(a (1) ,6 (1) )6 (2) a (2) and u (a ® b) : = (a (2) , 6 (2) )a (1) 6 (1) ; (IP) can then be expressed by 
the equality u = v. 

As above, one checks that the composed map A®B ia ^ D A®B®< 2 w ^ a D®<B IQ -T 
D® <2 actually takes its values in D® 2 for w = u or v . This means that the equality 

(xU^bfx^ ® f{bf) = (xW^xWljP ® /(4 3) ) 

takes place in D® 2 . Applying mo after transposing the factors, we get the identity in 

/ (4 3) )(x«,4 1) )4 2) ^ (2) = M'V'UV 1 ^, 

which according to ()2.6|) yields ()2.7j) . 

One proves similarly that the following is an equality between finite sums 

bf\x^\bf ) )x^g(b?)^x^(x^\b?)P 2 (b?), 

which one expresses as F' = G', where F', G' : A® B — > D are given by F'(x ® 62) := 

fcfV^&fV 2 ^?) and G"(x®6 2 ) := x^ (x^ ,b?)P 2 (b?). 

As before, there exists a unique linear map g : A Cg) Si — ► D, such that g(x ® 61) = 
(a;, 6^ 2 ' ) )P2(^i 1 ^)- Then the image of the composed map A® B\ A ^ ld j\®< 2 _g 1 m fi®s 
D® <2 is contained in .D® 2 , so its composition with vtld : D® 2 — > D is well-defined, and 
G" = m D o (inc ®g) o (A D <g> id). 

d ^(2) 

We then consider the composed map B®A®B X -5 ' P® A® <3 <g>P f ®^? g £>®< 3 
(where A} 2 / = (Ad (g> id) o A D ); this map is 

& 2 ®x®&i ^ P^XxM^lp)®!® <g> (x (3) ,6? ) )P2(6i 1) ) ( 2 - 8 ) 

and actually takes its values in D® 3 , since for |x| and I&2I fixed, we have \b[ |, \b 2 |, \x^\ < 
c for some c, and the nontrivial contributions are for \b^\ = — \x^\ > — c, which leaves 
only finitely many possibilities for (\b 2 \,\b 2 2 |), and therefore also for \x^\. Now 
for each such Ix*- 1 -*!, we have Ix*- 2 -*! < c'(|xW|) for some function c'(n), and \x^\ = 
\x\ — \x^\ — \x^\ > \x\—c — c'(\x^\). On the other hand, \b^\ = \bi\ — \b^\ > \bi\— c, 
Since we must have Ix*- 3 -*! + \b[ \ = 0, this leaves only finitely many possibilities 
for (|&^|, Ix*- 3 -*!). Finally, we have finitely many possibilities for |, {b^D and for 
(|xW|, |x( 2 )|), hence for ((x^l, |x^ 2 ^|, |x^ 3 )|). So the r.h.s. of (|2.8|) is a finite sum and 
belongs to D® 3 . 

We then consider the map 

mff o (f ® id ®g) o (id ® A§ 5 ®id)):B®A®B^D 
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(where m D = (m^ ®id) omu). On one hand, we have 

m§ ) o(f ( g)id®g)o(id(g)Ag ) (g)id)) = m D o(F(g>g)o(id(g)A Z )(g)id) = m D o(G<g)g)o(id<8>A D ®id); 
on the other hand, we have 

m2 ) o(f®id(g)g)o(id(g)Ag ) (g)id)) = m D o(f<g>G")°(id ®A D <g>id) = m D o(f<g>F')o(id <gA D ®id); 
so 

m D o(G®g)o(id®A D (g)id) = m D o (f ® F') o (id®A D ® id). (2.9) 
Explicitly, 

P^XxW 4 1} > • (x^ • (x®,&[V2#)) = Pi^)^,^) • ^MV^^) 
and 

(PiC^XxW, 4 1} > -* (2) ) ■ (x®, feiVrf) = /(4 3) )<* (2) , • <* (3) , &i 2) )p 2 (&i 1} ), 

so ()2.9|) is rewritten as 

Pi(tiP)(xVW) ■ b?\xW,b?)x®g(b?) = f(b®)(xV\b?)x(%? . ( X <a),6«)p a (6«), 

i.e., (A(x),62&i ® id) = (A(x),& 2 &i <8>id). This means that [A(x)] = [A (a;)]. Since the 
intersection of (A ®< D)f s and (A ®> Z?)/ 8 in Hom(P,l)) is A £g> D, we get A (a?) = 
A(ar) e A®D. 

One proves similarly that for y G P, A(y) = A(y) G D Cg> 5 by using the con- 
volution algebra Yiu j) e z 2 Hom(Aj, Dj), where the product is given by (fi * f2){a) = 
/i(a«)/ 2 (a( 2 )). ' □ 

Proposition 2.2. A defines a (nontopological) bialgebra structure on D, quasitriangu- 
lar with R-matrix P 2 ' 1 Pi G D® >2 (the quasitriangular identities are satisfied in D^ 3 ). 

Proof. Let us prove that for i6D, 

P 2,1 PiA(x) = A 2 ' 1 (x)R 2 2 ' 1 R 1 (2.10) 

(equality in D®> 2 ). We have A(x) = A(x) = R^ 1 A 2 /(x)R 1 (G D®> 2 ) so the l.h.s. is 
equal to R 2 / A 2 ^ 1 (x) R 1 (g D®> 2 ). 

On the other hand, A 2 * 1 ^) = R 2 / A 2 £ {x^R 2 /)' 1 (e D®> 2 ) so the r.h.s. is equal 
to R 2 2 ' 1 A 2 ^(x)R 1 (G D®> 2 ). This proves (gZEDj) . 

We now prove the quasitriangular identity 

(A®id)(P) = P^P 2 ' 3 (2.11) 

in P>®> 3 . Recall that P 2 ' 2 (A D <g>id)(P 2 ) = P 2,3 (id ®A D )(P 2 ) (equality in P>®< 3 ), which 
gives by applying the transposition x t— > x 3,2 ' 1 

Pf (id^A^ 1 )^ 1 ) = P 2 ' 1 ^ 1 ® id)(P 2 ' x ) (2.12) 
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(equality in D® >3 ). On the other hand, recall that 

(Aj 1 ® id)(i*i)i# 2 = (id®A^ 1 )( J R 1 ) J R?' 3 (2.13) 

(equality in D® >3 ). Taking the product of (|2.12j) written in opposite order with (|2.13j) . 

we get 

RY{^ 2 d ®'^){R)Ri 2 = Rl' 2 {id® A 2 £)(R)Rl< 3 . 

Equality (|2~TT^1 then follows from R{' 2 A(x) = A 2 ^{x)R l { 2 (equality in L>®> 2 ). The 
proof of the identity (id ® A) (R) = R^R 1 ' 2 is similar. □ 

Proposition 2.3. D\ := A\B\, D 2 '■— A 2 B 2 are subbialgebras of D. We also have 

A(A X ) c A 1 ®D 1 , A(B l )cD 1 ®B 1 , A(A 2 )cA 2 ®D 2 , A(B 2 ) c D 2 ®B 2 . 

(2.14) 

Proof. We first prove that B X A X C A X B 1 . Set R(a, b) := (a«, &«)fc(V 2 ) - 
(a^ 2 \b^)a^b^ and S(a,o) := ba - (S D (a^),b^)(a^\b^)a^b^ . We have R(a, b) = 
(a^\b^)S(a^,b^) and S(a,b) = (a«, S D (b^))R(a^ ,b®) so since R(a,b) = 0, we 
get S(a,b) =0. Therefore 

ba= (S D (a^),b^)(a^\b^)a^ 2 \ 

If now a e Ax, b e Bx, we get a (1) ® a (2) <8> a (3) G A® <2 <g>< A x and o (1) <g> 6 (2) <g> 
^(3) e ^®<2 ( g )< ^ p or ^ g 7 4 1) y g _g 1 ) we have (x,y) = e(x)e(y), so ba = 

since Au(ax) G A ®< 

Ai and Ao(bi) G B® < B\ ) we get 6a G Aifii, as wanted. This implies that D\ := AxBx 
is a subalgebra of D. 

In the same way, we prove that D 2 is a subalgebra of -D. 

Let us prove that A(Ax) C Ax®Dx- For s G Ai, A(x) = R 2 A D (x)R 2 l and since D\ 
is an algebra, A(x) E A® < D x . On the other hand, A(x) = R x 1 A 2 j 1 (x)R 1 G Ax ®> D. 
Since A(x) = A(x) G A®.D and (A®D)r\(A® < D 1 ) = A®D U we get A(x) G A®£>i. 
In the same way, A(x) G Ai <g> D. Then (A ® D x ) (A x ® .D) = Ax ® D 1; which implies 
A(x) G Ai ® Z?i, as wanted. The other inclusions (|2.14j) are proved in the same way. 

Since Di are generated by A iy Bj, these inclusions imply that are also subbial- 
gebras of (D,A). □ 

We will show that the quantum affine algebras, equipped with their currents co- 
products, are examples of the situation of Subsection 12.31 

3 Quantum affine algebra U q (o) 

In this paper, q is a complex number, which is neither nor a root of unity. 
3.1 Chevalley-type presentation of U q (#) 

Let q be a simple Lie algebra; let r be its rank and let {b%J)ij=i,.,. ir be its Cartan 
matrix. Let {fli,j)%,j=Q,...,T be the Cartan matrix of the affine Lie algebra g. We denote by 
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II = {cti, a r } the set of positive simple roots of g and by II = {a , cci, a r } the set 
of positive simple roots of g. The symmetrized Cartan matrix of g is ((ctj, Q!j))i,j=o,...,ri 
we have (a^a,-) = djOij = djCLj^ (where di — 1,2 or 3 are coprime). Let 5 be the 
minimal positive imaginary root of g, so 5 = Xl!=o niQ; *> n * e ^>o, = 1. Let 

G], = wfSw' W = • • • M«» M« = ft* = ft = ?«, = ?*. 

The quantum (untwisted) affine Lie algebra U q (g) is generated by the Chevalley 
generators e± ai , (i = 0, . . . , r), the grading elements g ±d , and the central elements 

kf 1 ^ 2 , subject to the relations 

[q -i kail = [kaijk aj ] = 0, q e± ai q = q* 1 l '°e± ai) k ai e± aj k a . = q i 3 e± aj) 

(k? /2 ) 2 = II C> *V = (TV = ^ = k~*k ai = kfk^ = kj^kf = 1, 

i=0 

[ e a;> e -a,] = ftj TT - ? (3.15) 

ft - ft 

5^ (-l) r e±i i e±a J -e£i i =0, i ^ j , where e£. = . 

r+ s =l-a l , 3 L«J5i- 

The standard Hopf structure of {7 (g) is given by the formulas: 



A std (e Qi ) = e Qi ® 1 + k ai ® e ai , A std (e_ a J = 1 ® e_ ai + e_ ai <g> fc" 1 , 

^ ±d ) = l, e(e ±ai )=0, e« 1 ) = l, e(A; 5 ±1/2 ) = 1, 
S(e ai ) = ~k a ^e ai , S(e- aj ) = —e- ai k ai , S(k^) = fcj. 1 , 

% ±d ) = S(kf 1/2 ) = kf'\ 

(3.16) 

where A std , £ and S are the coproduct, counit and antipode maps respectively. 

Let U q (t)) be the Cartan subalgebra of U q (g). It is generated by the elements k^ 
(i = 0, ...,r) and g ±d . Denote by {7 g (b + ) the subalgebra of U q (g) generated by the 

elements e ai , k^ (i = 0, ...,r), kf 1 ^ 2 and q ±d , and by U q {b ) the subalgebra of {7 g (g) 

generated by the elements e_ Qi , A;^. 1 (i = 0, ...,r), A;^ 2 and g ±d . 

The algebras {7 g (b±) are Hopf subalgebras of {7 9 (g) with respect to the standard 
coproduct A std . They are g-deformations of the enveloping algebras of opposite Borel 
subalgebras of Lie algebra g. We call them the standard Borel subalgebras. Moreover, 
{7 g (b_) is the dual, with opposite coproduct, of U q (b + ), and U q (g) ® U q (t)) is the double 
of U q (b + ) (where U q (t)) is equipped with the standard structure, for which k^ is 
primitive) 

The algebras U q (b±) contain subalgebras U q (n±), which are generated by the ele- 
ments e± ai , i = 0, ...,r. The subalgebra U q (n + ) is a left coideal of U q (b + ) with respect 
to standard coproduct and the subalgebra {7 g (n_) is a right coideal of U q (bJ) with 
respect to the same coproduct, that is 

A std (U q (n + )) c U q (b+) ® U q (n+) , A std (U q (n.)) c C/,(n_) ® £/ ? (b_) . 
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The algebras U q (n±) are g-deformations of the enveloping algebras of the standard 
pro-nilpotent subalgebras of the affine Lie algebra g. 

3.2 Cartan-Weyl basis of U q (g) 

We now construct a Cartan-Weyl (CW) basis of U q (g). Let us denote by E + C E the 
set of positive (resp., all) roots of g and by E + C E the set of positive (resp., all) roots 
of q, so E + C E, E + C E. Recall that «o is the affine positive simple root and let 5 be 
the minimal positive imaginary root, so 5 = ao + 9, where 9 is the longest root of E + . 

We consider the following class of normal orderings on E + . Let W be the Weyl 
group of g. It contains the Weyl group W of q and the normal subgroup Q, which is 
the set of all elements having only finitely many conjugates. There is a unique group 
morphism Q — > t)*, p i— > p, such that the action of p G Q on ()* is the translation by p. 
This map is injective and identifies Q with a subgroup Q of {)*. 

Choose p G Q such that (p, at) > for any i — 1, ...,r. Choose a reduced decom- 
position p = s aiQ s aii ■ ■ such that a iQ = a is the affine positive root. Extend 
the sequence io,ii, ■■■,i m to a periodic sequence 

. . . ,i-i,i ,H, ■ ■ ■ ,i n , ■ ■ ■ (3-17) 

satisfying the conditions i n = i n+m for any ?i6Z. We then set 

7i := a h , 72 := s« 4l (a ia ), 7 fc := ...s^ (a ifc ) for fc > 1; 

and 

7o := a io , 7_i := Sa-^a^J, j- t := s^.-.s^^a^J for £ > 0. (3.18) 

Then |HHI [OE] the order 71 -< 72 -< ... -< 7™ -< ... -< 5 -< 25 -< ... -< 7_ n -< ... -< 7_i -< 
70 is normal and satisfies the condition 

15 + a -< (m+ 1)5 -< (n+ 1)5-/3, (3.19) 

for any positive roots a, /3 G E + , and any l,m,n > 0. From now on, we fix a normal 
ordering -< on E + , given by the procedure above. 

Recall that the principal degree deg is the linear additive map ZLT — > Z, such that 
deg(aj) = 1 for i — 0, ...,r. We first construct the CW generators e 7 , for 7 G E + and 
deg(7) < deg(5) — 1. For 7 G LT, e 7 is equal to the corresponding Chevalley generator 
of U q (g). The CW generator e 7 is then constructed by induction on the degree of 7 as 
follows: if 7 G E + and deg(7) < deg(5) — 1, we let [at, fl] be minimal for the inclusion, 
among the set of all segments [a', f3'], where a', f3' G E + are such that 7 = a' + fl' (we 
define the segment [a', (3'] as {7'|a' -< 7' -< /?'})• We then set 

e 7 := [e a ,ep} q -i , e_ 7 := [e_p,e_ a ] q , (3.20) 

where 5 the g-commutator [e a ,ep] q means [e a ,ep[ q = e a ep — q( a 'P> epe a . 

5 One can introduce the algebra U q (§) over the ring C[q, q" 1 , l/(q" — l);n > 1] with the same 
generators and relations as U q (g,); one can show using the CW basis that this is a free module over 
this ring, and U q (o) is its specialization. U q (g) is equipped with the Cartan antiinvolution x 1— > x* , 
defined by e* ±CCi — e TQi , fc* . = fc^. 1 , q* = q^ 1 . Then the analogues of e± 7 satisfy e_ 7 = e* 
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The basis elements denned in this way coincide (up to normalization) with those 
defined by the braid group action, using the same ordering on roots. Since the latter 
basis is convex, e 7 defined above is independent (up to normalization) of the choice of 
the segment [a, f3], and depends only on the ordering of roots. Moreover, it has been 
shown in |Daj . Proposition 11 that es- ai is also independent on the choice of a normal 
ordering (up to normalization). 

We then put 

(i) _ _ r -I (*) _ f 1 

and 6 by induction for all k > 

1 1 . f{\ . 

e±(a t +k8) = ±|-p[e ± ( ai+ ( fc _i)5),e ±(5 J, e± {S - ai+k6) = ±-^-[e ±s , e ± ^- ai +(k-i)S)\ , 

'(*) _ r i '(*) _ r i 

e kS — l e <Xi+(k-l)S, ZS-Oilq- 1 > e -k6 — l e -6+ ai , e_ a ._(fc_i)jjg 



& = E lf '^^' ('i!r-(tf <«i: 



pi+2p 2 H \-np n =k 

Then we apply procedure ()3.20|) again to construct the remaining (real root) CW 
generators. As before, if 7 is real, then e 7 depends only on the choice of a normal 
ordering (up to normalization); the e n s± ai and the e^j are independent on the choice 
of this ordering (up to normalization). 

The CW generators of the Borel subalgebras U q (b±) satisfy the following properties 
(see JKT2J |Bel |Daj ) 



k a epk a l = q {a,l3) ep, [e a , e_ a ] = a(a 



k a k a 
q - q- 1 



[e±a,e ± p] q -i= Yl C S(«)^4V-4;> (3.22) 

{7i},{«j} 

where in flH.22j) the sum is over all 71, . . . , 7 m G E+, ni, . . . , n m > such that a -< 
7i -< 72 ^ ■ ■ • -< lm -< (3 and £E n.j7j = a + /3 and the coefficients C|^ J |(?) and a(a) 

are rational functions in q in Q[g, g -1 , l/(g™ — l);n > 1]. The elements fca, a G E are 
defined according to the prescriptions k a+/ 3 = k a kp, k a = k^, if a = ±«j, i = 0, ...,r. 
The analogues of e± a in U q ($) also satisfy e_Q, = e* 

The commutators [e a ,e_^], and [e- a ,ep\, where a,/3 G E + , satisfy properties anal- 
ogous to ()H.22j) . but the structure coefficients Cf^ 1 ^ belong to U g (\)). One can con- 
struct slightly different generators in the CW basis such that property (jri.22)) is still 
valid with scalar structure constants. For this, the normal ordering -< in the system 
S + of positive roots is extended to a 'circular' normal ordering (which is not a total 
order) of the system £ of all roots of q. This order -< c is defined by: for a, (3 G E + , 
(a -< c (3) <=)> (a -< (3) •<=> {-a -< c -(3) and (a -< c -(3) (j3 -< a) O (-a -< c (3). The 

6 As before, the analogues of e± s in U q (g) satisfy = (e^ )*. 
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Figure 1: The left figure shows the circle ordering of the system S of U q (g). It is such that 
71 + miS -< c m 2 <5 -< c (m 3 + 1)5 — j 2 <c —73 — 1TI4S -< c —m 5 5 -< c — (m 6 + 1)5 + 74 -< c 75 + miS, where 
7,: 6 £+ and rrii > 0. In the right figure, line 1 shows the decomposition S = £+ U (— £+), related to 
the subalgebras U q (n±). Line 2 shows the decomposition £ = U Hp, related to the currents Borel 
subalgebras Ue and Up discussed in Section IPl 



order -< c can be described as follows. Suppose that 71 -< 7 2 -< ... -< 77V -< ••• is the 
normal ordering of E + . Then we put all the roots of S on the circle clockwise in the 
following order (see Fig. [TJ) : 

7i, 72, • • • , In, ■ ■ ■ , -7i, -72, • • • , -Jn, (3.23) 

and say that the root 7' 6 E precedes the root 7" G S, 7' -< c 7", if the segment [7', 7"] 
in the circle (I3.23j) does not contain any of the opposite roots —7' or —7". 
For any positive root 7 G £+ put 



Cry • G-ry 6 — /y /u/y6 — . 



(3.24) 



Proposition 3.1. For any a, (3 G X, snc/i t/iat a -< c /5 ; 

[^,^= E c"!?}^)^ 1 ^ 2 ---^' */ ( 3 - 25 ) 

[^,^1= £ ^{^fo) 6 (3.26) 

{7j}.{"j} 

where the sums in \3. 2ty) and \3.2b]) are over all 71, 72, ... , 7 m , ni, n 2 , . . . , n m stzc/i 

t/iat a -< c 71 -< c 72 -< c ■•■ ~<c lm ~<c P (meaning a -< c 71, 71 -< c 72, etc.) and 
J2j n jlj — a + P> C'{I J }(<?) an d C"{n are Laurent polynomials of q. 

Proof. See the Appendix. □ 
For a, /3 G S such that a -< c (3, define [a, j3] := {7 G S|a ^ c 7 /?}■ 
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We then define U q a '®(g) C U q (g) as the subalgebra generated by the e 7 , 76 [a, /?], 
if (3 £ E + , and as the subalgebra generated by the e 7 , 7 £ [a, if /3 £ — £+. 

If a, /? £ E are such that a -< c /3, we define the intervals [a, f3) := {7 £ E|a ^ c 
7 -< c /3} and (a,/3] := {7 £ E|a -< c 7 z^ c (3}. We then define the subalgebras U q a '®(g,), 

q) as above (using e 7 or e 7 depending on whether (3 £ £ + 

or /3 £ -£+). 

Relations (|3.25j) . (|3.26|) imply that the algebra U q a '®(g) admits a Poincare-Birkhoff- 
Witt (PBW) basis, formed by the ordered monomials e^e^ • • • e"™, where a = 71 -< c 
72 ~< c ■ ■ ■ 7m = /3, if /3 £ E + , and by the monomials e" 1 ^ • • ■ e"™, where a = 71 -< c 

72 -*<c • • • -<c 7m = if (3 £ — £+. Moreover, if a, (3, 7 £ E are such that a -< c (3, 
(3 -< c 7 and a -< c 7, and either f3, 7 £ £ + or /3, 7 £ — E + , then the product of tZ-Qj) 
induces vector space isomorphisms 

(?) ® £/f 71 (0) ^ f/f' 7] (0) , ^ (0) ® uf <* (?) ~ ^ (j) , 
£4^(0) ® t'f 7] (?) ^ ^ Q,7l (?), ^ Q,/3] (?) ® 7l (?) ^ ^ Q,7] (0)- 

Then i7 9 (n + ) coincides with U^ + (g) = ujf** 1 ' 8 ^(?), where a ix is the first root (nec- 
essarily simple) of the normal ordering -< of E+. The algebra U q (nJ) coincides with 

The segment £ + = [a^, 5 — 6} is a disjoint union 



U E_ 



Here 



E +ie = {7 + m5|7 £ E + , m > 0}, E + i ? = {m5\m > 0} U {—7 + m5\j £ E + , m > 0}. 

(3.28) 

Analogously, — E + = [— a il} —5 + 9] is a disjoint union 

-E + = E_ i£ UE_ J , 

where 

E_ b = — S +) j?, E_j = — £+, e - (3.29) 

The segments fl3.28j) and ()3.29j) can be united in different ways, composing segments 
E s and E^: 

E £ = E +i6 U E_ £ = 7 + md\ 7 £ £+, n < 0, m £ Z}, ^ 
E^ = £ +i f U E_j = —7 + m5| 7 £ E + , n > 0, m £ Z}. 

The subalgebras related to the segments (j3.28j) . ()3.29j) and ()3.3()|1 play a crucial role in 
our further constructions. 
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3.3 The 'currents' presentation of UJq) 

In this presentation ([D2J), U q (g) is generated by the central elements C ±x , the grading 
elements q ±d , and by the elements e a [n), f a [n] (where a G II, n G Z) and k^ 1 , h a [n] 
(where n G Z\{0}, a G II). These elements are gathered into generating functions 

e a (*) = ^e Q [n]2- n , /„(*) = J^/aM^™ , 
=^^M^ n = ^ 1 exp(±(g a -g- 1 )^/i a [±n]^] , 

n>0 V n>0 / 

such that = q~ d q d = CC^ 1 = C~ l C = 1 and q d a(z)q~ d = a(q~ l z) for any of 

these generating functions, which we will call currents. Currents are labeled by the 
simple roots a G II of g. 

The defining relations of U (g) in the 'currents' presentation are (a,/3 G IT): 

(z - q^w)e a (z)e /3 (w) = e p {w)e a {z){q^ z - w) , 
(z - q-^w)f a (z)fp(w) = Mw)f a (z)(q-^z - w) , 

l±( \ ( Ul±( rt" 1 <tf^l - w f s 

i>a (*M«0 Wa (*)) = C ±l g _ g (a,^) w e ^( W ) ' 

ttWfpW (^{z)Y l = C^z-q-^Z f ^ W) ' (3-31) 

ip±(z)ip±{w) = i)f(w)ip±{z) , 

q(a,P) z — C 2 w _ q( a ^C 2 z-w 

Z -q^)C*J t{z)r ^ W) = C*z-q^)J P {w) ^ {z) ' 

[e a (z)J p (w)} = (5(z/C 2 w) ^(C- l z)-5(C 2 z/w)^-(C~ 1 w)) , 

Qa la 

riij 

$^(-!) r ^ Sym, lf .^(si) • • • e± ai (z r )e ±aj (w)e ±ai (z r+1 ) ■ ■ ■ e ±CH (z nij ) = 0. 



r=0 



A' 



Here a, 7^ atj, ra^ = 1 - a id , 5(z) = J2kez z 

We now describe the isomorphism of the two realizations ([D2j ICPj ). Suppose 
that the root vector eg G 0, corresponding to the longest root 9 G £+, is presented 
as a multiple commutator eg = X[e aii , [e ai , ■ ■ ■ [e ain , e aj .] • • •]] for some A G C. The 
isomorphism is given by the assignment 

k a! ^ > e a s >-> e Qi [0] , e_ Qi h-> / Q . [0] , z = 1, . . . , r, 

- C^kf = J] e% kf' 2 ~ C* 1 , g ±rf - q± d , (3.32) 

e ao >-> vS^Sr ..-Sr (f a . [1]) , e_ Qo i-> ASfSj ■ ■ ■ (e Qj [-1]) 

Here Sf G End({7 g (fj)) are the following operators of adjoint action (with respect to 
the coproducts A std and (A s ' d ) 2,1 , see (j3~TH|l V 

= e a JO]x - Mi^M. S i( x ) = x f«M ~ /aJOj^xA-- 1 , (3.33) 
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and the constant \x is determined by the condition that relation ()3.15|) for % = j = 
remains valid in the image. 

We now describe the inverse isomorphism. Let it : {ati, . . . ,a r } h- > {0, 1} be the 
map such that 7r(«i) ^ Tt(aj) for (c^, a.j) ^ and 7r(ai) = 0. 

Proposition 3.2. (see \KT1\ \Be} \Da^ ) The inverse of isomorphism h8. Hty is such that 



e n An\ 



( ( 1 \n-K(ai) n > D 

1 — ( — l) n ' r ^ 0! *^-ai-n5 e ai-Hi<5 j W < 0, , , 

, x f f— 1 "i n7r ( a *)p T7 < n ' 

L I J- J e_ Qi+n< 5 k nS , n > u, 



< [0] - , ^" [0] ^ A;" 1 , C ±l » kf'\ 
^^^^-^(-ir^^VeS, n>0, (3.35) 
C>] ^ -(9 " rtC-ir^^^^e^ , n < 0. 

The relation between the imaginary root generators e'^f and ej^ is given by formulas 
(JS2H). 

Note that the root vectors e± ai+n s, n G Z, as well as the imaginary root generators 
do not depend on the choice of a normal ordering of E + , satisfying the condition (j3.19|) 
( DaJ, Proposition 11). So the identification of Proposition 13.21 does not depend on 
such a normal ordering. 

The 'currents' bialgebra structure A^ D ) on U q (o) is given by: 

A^ D \q ±d ) = q ±d ® q ±d , A^(C ±1 ) = C ±l ® C ±1 , 

A^(z) = ^(Ct l z) ® ^(Cf , (3.36) 

A^e^) = e a (*) ® 1 + ifeiCxz) ® e a (C 2 z) , (3.37) 

A^)/^) = 1 ® + / a (C 2 z) ® iP+(C 2 z) , (3.38) 

where Cx = C ® 1 and C2 = 1 ® C. The counit map is given by: 

eM*)) = e(/«(z)) = , e(^(z)) = e(q ±d ) = e^ 1 ) = 1. 

The principal degree on U (g) is defined by \ei[n]\ = nu + 1, (A;^ 1 ! = |C| = 0, 
= ni/ — 1, = nu, where u = Y^i=o n i ( reca U that 5 = Y^i=Q n i a i)'i then 

A* 73 ) : U q Q) — > U q (g)® <2 is a topological bialgebra, in the sense of Section ESI (HI). 
The identification with the situation of this Section is D — U q (g), = A^ D \ 

The coproducts A std of Subsection 13.11 and A^ D > are related by a twist which can 
be described explicitly (see Proposition 13.61 and |KTlj ). 



3.4 Intersections of Borel subalgebras 

We first describe the Borel subalgebras related to the 'currents' realization of U q (o). 
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Let Up be the subalgebra of U (g) generated by U q (f)) and the elements f a [n] (where 
a G n, n G Z) and h a [m] (where a G n, m > 0). In the circular description, this is 
the subalgebra of U (q) associated with the segment E F (see (I3.3U|0 . Analogously, we 
define Up as the subalgebra of U (q) generated by U q (t)) and the elements e a [n] (where 
a G II, n G Z) and /i a [m] (where a. G II, m < 0). It corresponds to the subalgebra of 
[/ associated to the segment Both {Tp and Up are Hopf subalgebras of U g (g) 
with respect to the coproduct A^ D \ We call them the currents Borel subalgebras. We 
also define Uf C Uf as the subalgebra generated by the elements f a [n] (where a G II, 
nGZ) and U e C Up a.s the subalgebra generated by the elements e Q [n] (where a G II, 
n G Z). 

We have 

^,(fl) - Up ®u q {t,) 

where the isomorphism is induced by the product map. So D = £^(0), ^4 := Up, 
B :=U F , C[Z r ] :=U q (l)) satisfy the first part of (H2) in Section IP 

We define Up C Up, Up C [/# as the algebras with the same generators, except 

UM- 

The relations ()3.37|) and ()3.38|) imply that the subalgebra Uf is a right coideal of 
Up with respect to A^ D \ and the subalgebra £/ e is a left coideal of Up with respect to 

ao°) : 

A (D) (f//) C C// ® Z/p, A (D) (f/ e ) c U E ® tf e • (3.39) 
There is a unique bialgebra pairing (—,—) : Up ® Uf — > C, expressed by 

/ f \ f f \\ S <=hP S ( z / w ) + q^-z/w 

(e a (z), fp(w)) = — ^ , V Q {z),ipj(w)) = - ( , c, d) = 1 

in terms of generating series; all other pairings between generators are zero. 

Proposition 3.3. This pairing satisfies identity \2.1)) (see (H2)). 

Proof. Let us set R{a,b) := a«6« (a^ ,b^) - b^a® (a« for a G C/g, 6 G E/ F . 
One checks that R(a, b) = if a, b are generators of Up, Uf. Moreover, we have the 
identities 

R(aa',b) = a WR(a',bW)(aW,bW) + R(a,b®)a'V>(a'W,b<-% 

R(a, W) = R{aP\ b)b'V{aS 2 \ b'^) + b®R(a<?\ b'){a^, b®). 

Reasoning by induction on the length of a and b (expressed as products of generators), 
these identities imply that R(a, b) = for any a, b. □ 

Therefore (—,—) satisfies the hypothesis (H2). One also checks that it satisfies 
hypothesis (H6). 

We will be interested in intersections of Borel subalgebras of different types. Denote 
by Up, Uj , U^ and U E the following intersections of the standard and currents Borel 
algebras: 

Uj = u F n U q (n-), U+ = U F n U q (b+), U° F > + = U° F n U q (n+), 

U+ = U E nU q (n + ), U E =U E nU q (b^), U%~ = U° E n C/ 5 (n_). (3.40) 
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The notation is such that the upper sign says in which standard Borel subalgebra 
U q (b±) the given algebra is contained and the lower letter says in which currents Borel 
subalgebra (Up or Ue) it is contained. This letter is capital if the subalgebra contains 
imaginary root generators hi[n] and the Cartan subalgebra U q (i)) and is small otherwise. 
In the notation of Section I3~2l the subalgebras Uj and Up correspond to the segments 
£_j and the subalgebras Up and U£ correspond to the segments and S+, e . 

Proposition 3.4. The product in Ue sets up an isomorphism of vector spaces Ue — 
U+ (g> U E . The product in Up sets up an isomorphism of vector spaces Up — Uj ®Up . 

Proof. This follows from ([3.27)1 . □ 

We will set A x :=U+, A 2 := Up, B 1 := U+, B 2 := Uj. Then the hypothesis (H3) 
is satisfied. We will set B[ := U F ' + , A' 2 := U E ~ , so that (H5) is satisfied. 

The next proposition describes a family of generators of the intersections of Borel 
subalgebras. 

Proposition 3.5. 

(i) The algebra U+ (resp., Uj ) is generated by the elements ejyn] (resp., fi[—n]J, 
where % G {1, . . . , r}, n > 0. 

(ii) The algebra Up (resp., Up ) is generated by U q {bf), the elements ejn], hi[m], where 
n, m < 0, i G {1, . . . , r}, and by the root vectors e 7 _<5, 7 G S + (resp., U q (i)), the 
elements fi[n], hi[m], where n, m > 0, i G {1, . . . , r} ; and the root vectors e«5_ 7 , 

7 gs+;. 

Proof. The PBW result shows that a basis for U^ is given by the ordered monomials 
in the e 7 , 7 G £+, e - These generators are expressed via those listed in the Proposition, 
by means of successive applications of relations (|3.25jl and (I3.2fij) . The proof is the 
same in the other cases. □ 

Note that the generators listed in the Proposition do not depend on a choice of 
the normal ordering, satisfying (|3.19j) . This was already stated in Section l3~2*l for all of 

them, except for the root vectors e±(<5_ 7 ), 7 G £+. They are constructed as successive 
g-commutators of the type [e±y , e±(5_ 7 »)] 9 ±i. By induction of the height of 7, one 
proves that these g-commutators define the same root vectors. 

3.5 Relation between A std and A (jD) 

Proposition 3.6. We have A( D )([7 9 (b_)) C U q (b-) <g> U q (g) and A ( - D \U q (b + )) C 

Proof. We prove the first statement. It suffices to show that A( D )(e_ a J G Z7 g (b_) ® 
U q (g), for 1 = 0,...,r. When i G {l,...,r}, A^)(e_ a J = A( D )(/ Q J0]) = 1 ® / a j0] + 
E*>o/ai[-*] ®^X[k]C-^ k G U q {bJ) ® U q (g). 

When i = 0, A^(e_ ao ) = AA( D )(S+...S+(e Qj . [-1])). Let us prove by descend- 
ing induction on k that A( D )(S'+...S , + (e Qj [-1])) £ Up ® U q (g). This is true for 
fc = n + 1 since A^ D \e aj [-1]) = e a , [-1] ® 1 + £ s > [-s]C 2 - s ® e a . [s - 1]. If now 
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x = S+ +i ...S+{e aj [-l\) is such that A^ D \x) E U E ® U q (o), we have A( D \S?(x)) = 

A( D \ ei [0]x -V ai ' W) ^i[0]) = [A(°)( ea .[0]),x] 3 = [e Ql [0] ® 1 + Es>o^H]^ s ® 
e Q Js],A( D )(a;)] g = [e a jO] ® l,A^ D \x)] q modulo ® C/ g (g) (here | x\ is the degree 
of x). The result now follows from the induction assumption A^ D \x) E U E <g> U q (g) 
and (gUSl). 

The proof of the second statement is similar. □ 

Corollary 3.7. The intersections of Borel subalgebras have the following coideal prop- 
erties: 

A (D) (£/+) c U F ®< U+, A {D \Uj) c UJ ®< U F , (3.41) 

A^ D \U E ) c U E ® < U E , & (D) (U+) c U E ®< U+, (3.42) 

Proof. This follows directly from (j3.39|) and Proposition 13.61 □ 

This means that (D, A (D) ), Ai, 5j satisfy the hypothesis (H4). 

We can therefore apply TheoremHto to (D,A D ) = (U q (g),A^), A = U E , A 1 = 
U+, A' 2 = U° E ~, B = U F , B[ = U° F ' + , B 2 = UJ, C[Z r ] = U q (t)). 

We denote by TZi E ® UJ and 1Z 2 E U E ® Up the analogues of Ri, R 2 . Then 
1Z 2 is a cocycle for (U q (g),A^), so we get a Hopf algebra structure on U q (g), given 
by A tw (x) = ^A^ (x)1Z 2 1 (A tw is the analogue of A of section l2~3~j) . quasitriangular 
with .R-matrix K tw = Hl^llx. 

A proof of the following result (based on the braid group action) was first given in 

jKnj. 

Proposition 3.8. A tw = (A 8 *"*) 2,1 , therefore we have A^(x) = 1l 2 1 {A std ) 2 ' l (x)1l 2 . 
We also have 

A^ D \x) = TZ^A^ix)^ 1 )- 1 . (3.43) 

Proof. A tw defines a Hopf structure on U q (g), for which U q (b+) = A\B\ and 
U q {b_) = A 2 B 2 are Hopf subalgebras. Since 7Z 2 is invariant under U q (t)), we have 
A tw (ktl) = {ktlT 2 and A tw {kf /2 ) = {kf /2 )® 2 . 

since A^ and TZ 2 are homogeneous for the principal degree, the same holds for 
A tw . Moreover, 1Z 2 = 7^(1 + (negative principal degree) ® (positive principal degree)), 
where TZ^ = q and Cj, E t)® 2 is the Casimir element of the Cartan algebra. Therefore 
A tw (e at ) = e ai <g> k at + (degree 0) <g> (degree 1), and A*™(e_ Q J = 1 ® e_ ai + (degree 
— 1) <g> (degree 0). 

On the other hand, A tw (x) = H 2 A^(x)1l^ 1 = K^ 1 {A^f^Ux, and since K x = 
1 + (positive principal degree) Cg> (negative principal degree), we find A tw (e a J — 1 (g> 
e ai + (degree 1) <g> (degree 0), and A tw (e- ai ) = e„ Qi ® + (degree 0) ® (degree —1). 
Combining these results, we get A tw = (A std ) 2,1 

Then A std (x) = ^(A^)) 2 ' 1 ^)^' 1 )" 1 = (TZ]; 1 )- 1 A^ D \x)TZ 2 {\ which implies 
fl3~m " □ 

Proposition 3.9. TTie intersections of Borel subalgebras have the following coideal 
properties: 

A std (U+) c U+ <g> 17,(6+), A sW (C/7) c C/7 ® E/,(b_), (3.44) 

A sid (f/ S ) C C/,(b_) (8 f^, A^(£/+) C U q (b+) ® (3.45) 
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This is a translation of Proposition 12.31 

We will denote by P ± the projection operators of the Borel subalgebra Up, corre- 
sponding to the decomposition Up = UjUp. So for any /+ G Up and any /_ G Uj , 

P + (f-U) = e(/_)/+, P-(f-U) = f-e(h) ■ (3.46) 

The operator P + will also be denoted by P (without index). 



4 Universal weight functions 
4.1 The definition 

Denote by (U^) £ the augmentation ideal of C/+, i.e., {U+Y — U e fl Ker(e). Let J be 
the left ideal of U q (b+) generated by {U+) £ : 

J = U q (b + ) (U+Y = J2 U g (b+)e a [n]. (4.1) 
oen,n>o 

Recall that the V'a-IP]* 1 ) 4>a \ n ] an d C ±l (where i G {1, ...,r}, n > 0) commute in 

US)- 

Proposition 4.1. J is a coideal ofU q (b+), i.e., A std (J) C J (g> C/ g (B+) + U q (b+) ® J. 
The space J is also stable under right multiplication by the if)+. [0] ±:L ; ^.[n] (where 

ie{i,.,r},«>oj, u.Ji+ppcJ.Ji+HcJ. 

It follows that U q (b + ) /J is both a coalgebra and a right module over C[ip ai [0] ±l , f/> ai [n], 
C ±l ; i G {l,...,r},n > 0]. 

Proof. The second part of ()3.45|) implies that for n > 0, A sW (e a [n]) G £/q(b+) (g> 
Moreover, (id<g>e) o A std = id implies that A std (e a [nj) — e a [n] ® 1 G (g> Kere. 

Therefore A s ' d (e a [n]) - e a [n] <8> 1 G t/,(b+) ® (£/+) e , so A(e a [n}) G J ® £/ 9 (b+) + 
C/g(b+) ® J. This implies the coideal property of J. The second property follows from 
the commutation relation of the currents ip£.(w) an d G a (z). □ 

Define an ordered U-multiset as a triple I = (J, -<, l), where (/, -<) is a finite, totally 
ordered set, and i : I — > U is a map (the 'coloring map'). Ordered LT-multisets form a 
category, where a morphism 7 — > 7' = (/', -<', t') is a map m : J — > I', compatible with 
the order relations and such that l' o m — m o i. 

If 7 = (/,-<, t) is an ordered II- multiset, then a partition / = Ij U J2 gives rise to 
ordered LT-multisets 7j = (ij, -<j, Li), i = 1, 2, where -<;, and are the restrictions of -< 
and 1 to /j. 

If 7 = (J, -<, t) is an ordered Il-multiset, and / = {«!,...,«„}, with z x -< ... -< i n , 
then we attach to 7 an ordered set of variables (it)ie/ = (^d ■■■)U n )- The 'color' of 
is t(ifc) G n. 

For any vector space V denote by ^[[tf" 1 , tj 1 ]] the vector space of all formal series 
2_j ^k u ...,kJi 1 ■ ■ ■ t k n, ^4fci,.,fc„ e 1/ , 

(fc 1 ,...,* n )ez n 
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and by V((ti)) ■ ■ ■ ((t n )) its subspace corresponding to the maps (ki, k n ) i— > Ak u .. 
such that there exists an integer a\ and integer valued functions a 2 (k 1 ), a 3 (ki, k 2 ), ■ ■ ., 
a n (kx, fe n _i) (depending on the map k n ) h-> A felj ... jfctl ), such that A feli .„ ifcn = 

whenever fci > Oi, or A; 2 > 02(^1), or k 3 > a 3 (ki, fc 2 ), • • • , or k n > a n (kx, k n -i). A 
bilinear map V®W — > Z gives rise to abilinear map V((tx))...((t n )) xW((ti))...((t n )) — ► 
Z((ii))...((i n )) using the multiplication of formal series. 

A universal weight function is an assignment 7 1— > Wj, where 7 = (J, 4) is an 
ordered n-multiset and W/((*i) ie i) G ^((t" 1 ))..^^ 1 )) (/ = {ii,...,i„}, with 

zi -< ... -< i n ) is such that 

(a) (functoriality) If / : 7 — > J is an isomorphism of ordered Il-multisets, then 

W I ((t i ) ieJ )=Wj((t f -i U) ) jeJ ); 

(b) W0 = 1, where W0 is the series corresponding to / equal to the empty set; 

(c) The series W/(tj 15 . . . ,t in ) satisfies the relation 

A^(W r (&W))= (Wj 1 ((C^) i6/l )®W 7il ((t l ) i6j r ! ,)): 



x 

J=JlUJ 2 

g -K fa) ,a^))_ t . /t , fe 
ieh k,i\k<i, 1 % il 1 



x (1 ® TT ^!.(C*i)) x TT - — ? ( 4 - 2 ) 



where A s * d is the coproduct of U q (b+)/J. Here C 2 = 1®C, where C is the central 
element of U (q), see Section EOl The summation in (|4.2j) runs over all possible 
decompositions of the set I into two disjoint subsets 1\ and 7 2 . 

Remark. Let U'(g) be the subquotient of U (g) with trivial central element C — 1 
and dropped gradation element. Let ?/'(&+) be the corresponding Borel subalgebra 
of U' q (o). The analogue of Proposition 14.11 holds with J replaced by its analogue J'. 
The notion of universal weight function makes sense for the algebra U'(g) as well. The 
conditions (a), (b) remain unchanged, the relation ()4.2j) of condition (c) is now 



x 



l=hul 2 



1 linww^ 11 j _ -(a 1(ifc) ,a l(ij) ) t /t ' 



ieli fc,z|fc<z ■*• ^ 



where A std is the coproduct of U'(b+)/J'. 

4.2 Vector- valued weight functions 

Let V be a representation of U'(g) and f be a vector in V. We call t> a singular weight 
vector of weight {Ai(^), i = 1, r} if 

e a [rz]u = 0, ( z ) v = \{z)v , ...,r}, n > 0, 
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where Xi{z) G Cffz -1 ]]*. Then V is called a representation with singular weight vector 
v G V if it is generated by v over U' q (g). It is clear that the ideal J defined by (|4.1j) 
annihilates any singular weight vector, i.e., Jv = 0. 

For V a representation generated by the singular weight vector v and I an ordered 
Il-multiset, we define a ^-valued function 

w T v ((ti)iei) =Wi((ti) ieI )v (4.4) 

which is a ^-valued Laurent formal series. For / = we set w v = v. Let Vi (i — 1, 2) be 
representations generated by the singular weight vectors v i7 with series {Xa (z)\a G n}. 
Then the coproduct property ()4.3|) of the universal weight function yields the following 
property of the V\ ® V^-valued function 

w Vi®V a ((*i)<ei) = w v 1 (( t i)ieh)® w v 2 (( t i)iei2) x 
i=hui 2 



X 



q-( a W*«i)H ik - t k (4.5) 

ieh k,l\k<l u% h ~ ? 



n n 



A collection of V- valued functions wv((U)i£i) for all possible Il-multisets I, and repre- 
sentations V with a singular weight vector v, is called a vector- valued weight function or 
simply a weight function, if satisfies the relations (|4.5)1 . the initial condition uy(0) = t>, 
and depends only on the isomorphism class of the ordered Il-multiset I. 

It is clear how to modify relation ()4.5|) to define a vector-valued weight function of 
the algebra U (q). Any universal weight function determines a vector- valued weight 
function by relation ([4.4)1 . 



4.3 Main Theorems 

Let I = (J, -<, l) be an ordered Il-multiset. If I = {ii, i n }, with i\ -< ... -< « n , we set 

Wj((^) ie/ ) := P (/ t(n) (t n ) • • •/*»)(**»)) • ( 4 -6) 
Theorem 3. The map I t— > W/ defined by \4-b\ l is a universal weight function. 
Note that the statement of Theorem El is valid for both algebras U (g) and U'(q). 

Proof First one should check that W>((ti)iei) G f/ (? (b+)((V n 1 )) . . . ((t^ 1 )). This follows 
from the fact that for any x G Up and oti G IT, there exists an integer M, such that for 
any n > M we have P(x/ ai [— n])=0. We now prove this fact. Define a degree on Up by 
deg(/i a [n]) = 7i (n > 0), deg(l7 ff (&)) = 0, deg(/ Qi [n]) = n (n e Z). Then [/+, tfj C C/ F 
are graded subalgebras. Moreover, the nontrivial homogeneous components of Up all 
have degree > 0. We have Up = Up © {Uj) e Up~. Then we take M to be the largest 
degree of a nonzero homogeneous component of x. 
Using the definition of P, one also checks that 

W r ((UM e tr^b+mi 1 )) ■ ■ ■ ((V 2 1 ))[[^ 1 ]]- 



26 



Let us now show that I \— > Wj satisfies conditions (a)-(c) of Section m Conditions 
(a) and (b) of Section 14.11 are trivially satisfied. Let us show that (c) is satisfied. 
Theorem 0] and the following relations 

A^f a (z) = 1 ® f a (z) + UC 2 2 z) ® ^(C 2 z), 

ll>Z{z)fp{w) {^Z(Z)) = 1 _ q -( a ,/3) C -l w / z M W )> 

imply that relations (|4.2jl are satisfied modulo U q (g)®J. But both sides of (|4.2jl belong 
to U q (b+) <8> U q (b+). Thus they coincide modulo U q (b+) ® J. □ 

So, we reduced the proof of Theorem 1 to the following statement. Recall first that 
A std oP defines a map C/ F -> U$®U q (b+), and P 02 oA^ defines a map [/+ (f/+) 02 . 

Theorem 4. For any element f EU F 

A std {P(f)) = {P®P){A^ D \f)) mod C/+®J, (4.7) 
where J is the left ideal of U q (b + ) defined by \4-l\j . 

Proof of Theorem^ We have U F = UJU+, therefore 7 U F = U+ © (Uj) £ U+. So 
we will prove (|4.7jl in the two following cases: (a) / G Up, and (b) / = xy, where 
x G (Uj) £ and y G U$. 

Assume first that / G U$. According to (JH3H), A^ D \f) eU F ® U%, therefore 

(P®P)(A^)(/)) = (P®id)(A^)(/)). 

According to (EOSI) . we have A( D \x) = TZ 2 l ,1 A sU (x)(nl' 1 )~ 1 for any x G C/,(fl), where 
(K 2 { l ) ±l G C// ® C/+. It follows that 

(P ® id)(A< D >(/)) = (P ® id) (72f 1 (72f . 

Now A sM (/) E/,(b+), therefore A sW (/)(^' 1 )- 1 G U F ® C/,(b+); it follows that 

(P ® id)(A std (/)(^' 1 )- 1 ) is well defined. Now 72? 1 G 1 ® 1 + {Uj) £ ® £/"+, therefore 

(P®id)(72?' 1 A std (/)(72?' 1 )- 1 ) = (P®id)(A std (/)(72?' 1 )- 1 ). 
Since (fti' 1 ) -1 G 1 ® 1 + Uj ® (t/+) £ C 1 ® 1 + Uj ® J, we have 

(P ® id)(A aW (/)(72?' 1 )- 1 ) = (P ® id)(A sM (/)) mod C/ F ® J. 
Recall now that A s * d (/) G £/p ® E/,(b+)- This implies that 

(P®id)(A sM (/)) = A sM (/). 
Finally, since / G C/^, we have / = P(f), therefore 

A std (f) = A std (P(f)). 
7 Recall that if A c U q (g), we set A £ := An Ker(e) 
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Combining the above equalities and congruence, we get the desired congruence, when 

/ < 1 7 • 

Assume now that / = xy, where x G (Uf ) £ and y G Up. According to (|H.41jl . 
A^ D \x) G Uj Up] on the other hand, the identities (e^ <8> id) o A^ D > = id and 
e = 6 {D) imply that A (D) (x) G 1 <g> x + Ker(e) <g> U q (g); all this implies that A (D) (x) = 
1 <8> x + J2i a i ® h, where a t G (Uj) £ and hi G C/p. 

Therefore 

(P ® id)(M D \xy)) = (P®id)((Kg)x + J2 a *® b i) A{D) (y))- 

i 

Recall that A^^y) G Uf <£) Up. Now since a* G {Uj) £ , we have P(airj) = for any 
i] E Up, which implies that (P (g> id)((aj (g) b^A^^y)) = 0. Therefore 

(P®id)(A (D) (xy)) = (P®id)((l ® x)A (D) (y)). 

Applying id ®P to this identity, we get 

(P® P)(A (D) (a;y)) = (POid) o (id<gp)((l ® x)A (D) (y)). 

Now since x G (Uj) £ , we have P(xrj) = for any 77 G E/p, which implies that 
(id<gP)((l ® s)A (D) (?/)) = 0. Therefore 

(P®P)(A (D) (xy)) = 0. 

Since P(xy) = 0, we get 

A std (P(s?/)) = (P®P)(A (D) (x?/)), 



/ A 



which proves the desired congruence for the elements of the form xy, x G (U 
yeU+. ' □ 

4.4 Functional properties of the universal weight function 

Let I = (I, -<, l) be an ordered LT-multiset, let n := |/| and let a G & n be a permutation. 
Let l a = (I, -< a , 1) be the Il-multiset such that if / = {zi, ...,i n }, where i 1 -< ... -< i n , 
then z a (x) -< a ... -< a i a ( n ). We call I a a permutation of I. 

Proposition 4.2. There exists a collection of formal functions 

W ni _ nr G (C/ g (b + )/J)[[^ s) |s G {l,-.,r},j G {1,...,^}]], 

symmetric in each group of variables (u^)j = i t ... tns , such that 

r 



II II W-t 1 : 



W/((«i)i€/) = TT t- Tj' J (r'"- ^MlF 1 ) W,|J ' 1 l''l ((t « 1) '" E, "'"' (t 3- 1) > 6 '' ) ' 

(4.* 
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where I s := L~ 1 (a s ) (it is an ordered set), and a G & n is the shuffle permutation of 
{1, n} given by {1, n} ~ 1% U ... U I r — > I ~ {1, n}, where the first and last 
bisections are ordered, the order relation on I\ U ... U I r is such that Ii -< ... -< I T , and 
the map I\ U ... U I r — > I is such that its restriction to each I s is the natural injection. 

Proof. For any ordered Il-multiset /, denote by Fjit^, . . . , t in ) G U q (b + ) tfj~}} 
the series 

and by Aj^, . . . , £ in ) G Cft^ 1 , t" 1 ] the product 

A I (t ll ,...,t ln )= J] - q^^hr i) . (4.9) 

l<fe<Z<n 

Let J i — > Gj be an assignment taking an ordered Il-multiset / = (J, -<, l) (with 
/ = .,i n } and ii -< ... -< i n ) to Gj(t k , ...,t in ) G ^[[tj 1 , tj 1 ]]. We say that 
/ i— > Gj is antisymmetric, iff for any / and any a G & n (where n = \I\), we have 
G I ,((t i ) ieI )=e(a)G I ((t i ) ieI ). 

The defining relations (|3.3H) imply that the assignment / — > Fj is antisymmetric, 
where 

Fjit^, . . . , t in ) = ^/(t^, . . . , U n )Fj{ti^ . . . , t in ) 

takes its values in ?7 g (b + ) [[t^ 1 , 

Applying P, we get that the assignment I 1— > VKj is antisymmetric, where 

W/(t n , . . . , t in ) : = A j(t n , . . . , t in ) Wj{t h , . . . , t in ) ; 

its takes its values in (U q (b + ) / J)[[t^ , ...,tf^]}. 
According to the proof of Theorem El 

wfa,..,^) e ^ 1 (^(e. + )/j)((0)...((C))[[*r l 1 ]]; 

therefore t* n ) := AfWj(i i:l , ti n ) takes its values in the same space. The 

antisymmetry of I i— > W/ then implies that it takes its values in the intersection of all 

the t-; i ^,(b + )/J)((t^ ) ))...((C ) ))[[C]]' where a G & »> Le -' in 

fe...t i J- 1 (^(b + )/J)[[tr 1 ,...,t7 i i]]. 

If now V is a vector space and I ^ vjit^, ...,t in ) G V[[t^ , t~[ )] is antisym- 
metric, one shows that there exists a family of formal series v nu ...,n T { u i ■> •••> u< n}) G 
V[[iii , ...,it^]], symmetric in each group of variables Ua for fixed i, such that 

r 

v T (t il7 ...,t in ) = e(a) H H (t, 1 - *r 1 )u|/ 1 |,..,|/r|((^ 1 )< 1 6i 1> -> (Ckei-)- 

a=l k,l£ls\k^,l 

The result follows. □ 

Let s,t G {l,...,r}, with s ^ t. Let m := 1 — a as at, where (a aj g) aij g e n is the 
Cartan matrix of g. Let ki,...,k m G {l,...,n s } be distinct, and let I G {l,...,nt}. Let 
H(k km) i c ©s=iC ns be the subspace of all (uj ) s e{i,...,r},je{i,...,n s }: sucn that 

(t) (m-l)(a 5 ,a s ) (m-3) (as ,°s ) ( s ) (m-l)(tt s ,o 8 ) 

«j =9 2 M fc 1 =<? 2 <4 2 =- = 9 2 u k L- 
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Proposition 4.3. The restriction of VK ni) ... )Jlr to i?^ fc j l is identically zero. 

Proof. The proof is the same as the proof of the similar statement in |Elj . and is 
based on the quantum Serre relations. □ 

When q = 1, Wj((ti) i( zj) can be computed as follows. Set 



rLie/ ( ± \ 



(-l + t in _Jt in )...(-l + t il /t i J 



where for x,y G g, we set [x, ?/](£) = [x[0], = [a;(£), y[0}]; then x(t) = ^ n& x[n]t n , 
and x + (t) := X]n>o ^M^ - " - - Then 

Wj{{U) ia ) = (4-10) 

s>Q,(/ 1 ,...,/ s )|J=/ 1 U...U/ s , 
min(/i ) -< . . . ^min(7 s ) 

where the sum is over all the partitions / = IiU...L\I s , such that min(/ 1 ) -<;... -< min(/ s ), 
and Ii = (Jj, -<i, Li) is the ordered II- multiset induced by /. 
For a G II, set where f+(z) := Y. n >o fA n \ z ~ n - 

Conjecture 4.4. Wj({ti)i & i) is a linear combination of noncommutative polynomi- 
als in the fa{q k ti), f a [0] (a G II, k G 7L), where the coefficients have the form 
p (( t t)iei)/Ylt j £i\ l -<j( t t- ( l~ i '' ii)Aj))t j)> and P((ti) ieI ) is a polynomial of degree |/|(|/|- 
l)/2. 

We have [[/ t(il) , f i{in )] + (t) = [[f? (h) (t), A fe) [0] ], / t (i„)[0]], hence the Con- 

jecture is true for any g when q — 1. According to |KPlj . it is also true when q = si2 
or sis for any q ^ 0. For example, we have in U q (sl2) (see |KPlj ) 

P(Uh)f a (h)) = /+(*i)/+(t 2 ) - { l - ^ (tf(*i)) 2 - 

Remark. (|4.1(Jj) is also valid if [7(n_[z, z" 1 ]) is replaced by U(n~[z, z^ 1 ]), where 
n_ is the free Lie algebra with generators f a , a G II; this algebra is presented by the 
relations [z — w)[f a (z), fp{w)} = for any a, (3 G II, so the Serre relations do not play 
a role in the derivation of (j4.10|) (where q = 1). However, the results of |KPlj use the 



quantum Serre relations. □ 
Let now V be a finite dimensional representation of U q (g) with singular weight 
vector v. Let I be an ordered IT-multiset and Wy((ti) i( zi) be the vector-valued weight 
function 

:= P (/ t(il )(0 • • • / t(<B )(0) « • (4.11) 

Proposition 4.5. Assume that Conjecture \4 ■ 4\ is true. Then w v ((ti)i £ i) is the Laurent 
expansion of a rational function on C™. There exist rational functions 

W ni ^.^n r {{ u j )j=l,...,n 1 j---j{ u j ) j=l,...,n r ) i 

such that the analogue of identity holds. 

Each function uJ ni) ... )Jlr is symmetric in each group of variables (v/a )j=i,...,n a - ^ s 

on/t/ singularities are poles at G S s , where S s G C x is a finite subset of C x . It 
vanishes on the spaces k s l . 
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Proof. According to the theory of Drinfeld polynomials, the image of f£(t) in 
End(K) is a rational function in t with poles in C x . It follows from Conjecture 14.41 
that Wy((ti)i£i) is the Laurent expansion of a rational function, which is regular except 
for (a) simple poles at U = q'^'^hj, where i -< j, and (b) poles at U e Si, where 
Si C C is a finite subset. The form of Wj proved in Proposition 14.21 also implies that 
w v vanishes on the hyperplanes ti = tj, where i(i) = t(j) (as a formal function, hence 
as a rational function), and Proposition 14. HI implies that w v vanishes on the spaces 
H^f k « t (as a formal function, hence as a rational function). 

Define then w nit _ >nr _:= W nu _ <nr v. Then the analogue of (|4.8j) holds. It follows 
from the properties of w v that f„ lv .. A is rational, with the announced poles structure. 
Since the Laurent expansion of w niv .. jnr is symmetric in each group of variables, so is 
w ni ,...,n r i tse lf- □ 



5 Relation to the off-shell Bethe vectors 

In this section, we relate the universal weight functions to the off-shell Bethe vectors, 
in the case of the quantum affine algebra U' q {sl-2)- The algebra U' q (sl2) is generated by 
the modes of the currents e(z), f(z) and ^(z). We will need only the commutation 
relations between the currents f(z),f(w) and f(z), ip + (w): 

(qz - q' 1 w)f(z)f(w) = (q~ l z - qw)f(w)f(z) (5.1) 



4> + (z)f(w) = T 2 J/* f{w )ip+( z) (5.2) 
1 — q~ z w/z 

Using formula ()5.1|) we may calculate the projection P (f(z\) ■ ■ ■ f(z n )). 
The algebra U'Asi^) a ls° has a realization in terms of L-operators ([RS ): 

± _ / 1 f±(z) \ ( k^zq- 2 )- 1 \ / 1 \ _ / A±{z) B±(z) 
{ ' ~ V 1 J \ fc±(z) J \ e ± (z) 1 J ~ \ C^iz) D±(z) 

which satisfy 

R{u/v) ■ (U(u) ® 1) - (1 ® U'(v)) = (1 ® L e '{v)) ■ (L e (u) ® 1) • 
with e, e' G {+, — }, and 

R{z) = (qz - q~ l ) (E n <g> £ n + £ 22 <g> £ 22 ) + (z - 1) (#11 ® £11 + £22 ® ^11) + 

(9 - 0^12 ® #21 + #21 ® ^12) 

denotes the matrix unit). 
According to |DFj . the Gauss coordinates of the L-operators are related to the 
currents as follows 

e(z) = e+(z)-e-(z), f(z) = f + (z) - /"(*), ^(z) = (k ± (zq- 2 )k ± (z)y 1 . 
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Let v be a vector such that C + (z)v = 0. The vector- valued function 



w{ Zl , ...,z n )= B+( Zl ) ■ ■ ■ B + (z n )v (5.3) 

is called an off-shell Bethe vector. Using the equality B + (z) = f + (z)k + (z) and the 
relation ()5.2j) we may present the product ()5.3|) in terms of the product of the half- 
currents f + {z). This gives the relation 

n _^ n 

B+fa) ■ ■ ■ B + (z n ) = J] qZl ~* Z -i p (f( Zl ) ■ ■ ■ f(z n )) J] k + ( Zi ) (5.4) 

• . ■ Zi Zj . 

which shows the relation between the off-shell Bethe vectors and the weight function 
(|4.6j) . For a general quantum affine algebra, the calculation of the weight functions 
given by the universal weight function ()4.6)) is a complicated and interesting problem. 
Such calculations for quantum affine algebras U q {s\z) and C/ g (s[jv+i) are given in |KPlj 
and in |KP2j . The relation between the universal weight function ()4.6|) and the nested 
Bethe ansatz (JEE1) will be studied in [KPT]. 



Appendix 

Here we give a proof of the properties (|3.25J) and ()3.26|) of circular Cartan-Weyl gener- 
ators, see Section l3~2l The proof uses the braid group approach to the CW generators, 
which we describe first. 

Let Ti : U q (o) — > U q (o), i = 0,1, ... ,r, be the Lusztig automorphisms |L2j . defined 
by the formulas 

T t (e ai ) = -e- a X?, T t (e aj )= £ ("W^WS i^j, (6.5) 

p+a=—a,ij 

T^J = -k ai e ai , Ti(e^ a .) = ]T {-Ifq-^X^A * ¥> 3 (6-6) 

p+s=-a iy j 

where e^. = e p ±a J[p} qi \. 

We attach to the periodic sequence . . . , io, h, in, ■ ■ ■ given by ()3.17|) the se- 
quence (w n ) m( zz of elements of the Weyl group, given by Wo — W\ — 1, Wk+i = WkSi k 
for k > 0, and = s^wi for / < 0. Let 7 fc be the corresponding positive real roots 
(I3.18|) . We have a normal ordering 71 -< 72 -< ... -< 5 -< 25 -< ... -< 7_i -< 70 of the 
system E + . 

We define real root vectors e± lk , where k > and e± 7; , where I < by the relations 

e± 7ft = T Wk (e ±Qife ) , e ±7 , = T^(e± aii ) , (6.7) 

that is, e ±7n = e ±crin for n = 0,1; e± lk = T h T h ■ ■ ■T ik _ l (e ±aik ) for k > 1, and 

e± 7! = T£ T i ~ i ■ • • 7^7 1 ( e±ct i; ) ^ or ^ < ^ - ^ ne ima g inar y root vectors are defined by 
the relations (|3.2|) and (|3.21|) . The imaginary root vectors, related to positive roots, 
generate an abelian subalgebra C U q (n+). It is characterized by the properties 

m 

p e & T-fa) e U q (n+) and T Wl (p) e U q (n+) for all k > 0, I < 0. (6.8) 
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The root vectors ()6.7|) . ()3.2H) satisfy the property ()3.22|) (see |Bep and thus coincide, 
up to normalization, with the CW generators of Section 13.21 

Let c be an integer > 0. Let . . . ,j-i,jo,j%, ... be the periodic sequence defined by 
the rule j n = i n - c for all n G Z, {w n } the related sequence of elements of the Weyl 
group, given by the rule wo = w\ = 1, Wk+i = WkSj k for k > 0, and wi-i = s^wi 
for / < 0. Let n G Z} be the corresponding sequence of real positive roots, 

7fc = Wk{aj k )i if k > and 7/ = wf 1 (aj t ), if I < 0. Let {e 7 } be the CW generators, 
built by the braid group procedure, related to the sequence {jk}'- e± 7fc = T& k (e± aj ) if 
k > 1, and e± 7i = (e± w ^ ) if < 0. Let be the subalgebra of U q (n + ), generated 

by the imaginary root vectors e^], i = 1, ...,r, n > 0. 
We have the correspondence: 



In 



5ai (7n-c), n^l,2, ...,C, 
s o i:L _ c ' ' ' <Sa io ( — 7n-c) ? Tl = 1, 2, C. 

^■••^(e^), nGZ. (6.9) 

U! + m = T w --T Jo (U+ m ) (6.10) 



Indeed, for n ^ l,...,c we have e 7n = T il _ c ---T io (e 7n _ c ) by the construction. For 
n = l,...,c we have £ 7n = T h _ c ---T io ( T T^T Wn _ c ) (e^ J, which is equal to 
7i 1 _ c - • -T io (e 7n _ c ) by ()6.5|) and ()6.6|) . The relation (|6.10J) follows from the description 
f!6.8|) of the algebra and its analogue for the algebra U^. 

Let -< be the normal ordering of the system £+, related to the sequence {i n }, -< c 
the corresponding circular order in S, and -< the normal ordering of £+, related to 
the sequence {j n }- For any a, $ G £+ we have the correspondence: 

a -f /? <^> a -< c ft, (6.11) 

where a = s Qiq • ■ • s Qic _ i (a), and /3 = s Qiq ■ • ■ s Qic _ i ((3). 

Consider the relation ()3.22|) for CW generators, related to the sequence {j n }'- 



with a -f v x -f . . . -f i> m -f P, where C { { ^}(g) G C[g, g" 1 , l/(q n - 1); n > 1]. Due 
to (|6.9j) . (|6.1(J|) . (|6.8|) . automorphism properties of the maps T i; and commutativity of 
imaginary root vectors, this is equivalent to the relation on circular generators: 



with a ^ c v x -< c ■■■ v m -< c where a = s aiQ ■ ■ ■ s ajc _ i (a), and /3 = s Qiq • ■ • s ai ^ i (/?); 

C{n\(q) G g^ 1 , l/(g n — l);n > 1]. This is a particular case of the relation (|3.25jh 
when the root a satisfies the condition —5 -< c a and /3 is positive. 

Let d be an integer > 0. Let now {j n } be a periodic sequence, related to the 
sequence (|3.17|) by the rule j n = i n+ d for all n, {w n } the related sequence of elements 
of the Weyl group, n G Z} the corresponding sequence of real positive roots. 

Let {e± 7 } be CW generators, built by braid group procedure, related to the sequence 
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{jk}, and the subalgebras of UJn±), generated by imaginary root vectors e± nS , 
i — 1, r, n > 0. 

We have now the following correspondence: 

f ^••■s Qn ( 7 „), n^l,2,...d, 

\ • • -a^C-Tn), n = l,2,...d. 

g± 7 „_ d = ^ ■ ■ Tr 1 (e ±7 J , n G Z. (6.14) 

U I ± m = ^••■^ 1 (U I ± J, (6.15) 

where the temporary real root generators e_ 7 are given by the prescription e± ln = e± 7n 
for n 7^ 1,2, ... ,d and e± 7n = r Wn Ti n (e± ajn ) for n = 1,2, ... ,d. Again, the normal 
ordering -<~ attached to the sequence {j n }, is in accordance with the circular ordering 
-< c : a -< 8 a -< c 8, where a = s a . ■ ■ ■ s a . (a), and 8 = s a . ■ ■ ■ s a . (8). Consider 

the relation ()3.22|) for CW generators e 7 , related to negative roots a and 8 : 

fa, hv* = E c lnM^ ®% ■ ■ ■ e x> ( 6 - 16 ) 

with a, (3, Vi, G — £+, so that —a -<f — z>i -C . . . -<f — v m -C — f3. Due to (|fi.l4j) . (|fj,15j) . 
it is equivalent to 

ep]^ = £ e£e£ • • • e£, (6.17) 

with a -< c v x -< c ... -<c^ m -< c A where a = s a<i ■ • • s aid (a), and /3 = s aij • ■ ■ s Qld (^). 
Since all the roots in ()6.16|) are negative, the collection of the roots {a, 8, v\, . . . , is m } in 
(j6.17j) contains negative roots and some positive roots belonging to the set {71, . . . , 7^}. 
Note, that e u = e„, if v is negative, and e u = —k u e u , if v G {71, . . . , 7^}. Now we apply 
to (|6.17|) the following automorphism of the algebra U q (g): 



e_ 



- 1 /u 7 c_ 7 , 6 7 1 ^ e>yk^ , 1 ► ^ 7 > for all 7 G X]_ 



One can see, that this automorphism transforms the relation ()6.17|) to the particular 
case of flH]25J): 

with a -< c V\ -< c ... -< c z/ m -< c 8 and C , j^ J i(?) G C[q, q~ l , l/{q n — 1); n > 1], when the 
root /3 satisfies the condition 8 -< c 5 and a is negative. The relations (|6.12j) and (|6.17|) 
imply ()3.25|) in full generality. The proof of ()3.26|) is analogous. 

Remark. There are analogues of all the relations ()3.22|) . ()3.25|) and ()3.26|) . in which 
the order of the products (equivalently, the order of the root vectors) in the monomials 
in the right hand sides are reversed. To derive them, it is sufficient to first apply the 
Cartan antiinvolution * to (|3.22j) . and then to apply the arguments of the Appendix to 
the result. 
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